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ABSTRACT

Let § = fly, t) with )”t{x} = ¥n

- - w &

y(t) for t > t,.

approximate solution of

linear multistep method

with §‘ = f(yn, tn) and n=1, 2, ... . Asymptotic stability

properties of the method as reflected in the behavior of

Y, as n * ® are examined; in particular, Al{a)=-stability and
gstiff stability are treated. It 1is shown that, when the
method is used to numerically solve § = qy, g constant,
with a fixed integration step-size h, the characteristic
polynomial, a polynomial in two variables, ¢ and A = gh,
may be examined to determine the asymptotic behavior of the
given method. The Lambda and Zeta Loci determined by the
characteristic equation are introduced and their properties
examined. Specifically, the Lambda Locus is the A-plane
image of the {-plane unit circle under the mappings

Ai = fi(c), i=1, ..., L, and determines the stability
regions for the method. Similarly, the im * the A-plane
imaginary axis in the f-plane under the mappi L, = gj(A),

J
j=1, ..., K, determines the Zeta Locus, a u tool in




checking if a method is A-stable. Note: ), * fiia) for

each i is a zero of the characteristic polynomial viewed as

A

a polynomial in A; similarly, aj = giik; fo ' a

zero of the characteristic polynomial viewed as a polynomial

in . A modified Zeta Locus is also discussed and it is

shown that it can be used to check if a method is stiffly

stable. A computer program toO st both the Lambda and Zeta
Loci for a given method is described. Using an interactive
version of this program new and efficient

linear multistep methods, that is, me

i=1,
of orders 3 through 7 are derived. These new methods are
stiffly stable and exhibit better stability properties than
the backward differentiation formulas of corresponding order.
A new variable step, variable order integration algorithm
incorporating these new methods is presented. This new
algorithm is ideally suited for the numerical integration
. of stiff systems of first order di fferential equations where-
in the Jacobian matrix gy has complex eigenvalu Numerical
results to support this ;laim are | snted, including a
comparison of the new algorithm with Gear's widely accepted

computer program DIFSUB and with a third algorithm based on




the backward dif ferentiation formulas. For cne of the test

problems solved an improvement of better than an order of

magnitude in computer program execution time »t¢ | using

the new algorithm over results obtained using Ge 3 algorithm

DIFSUB. S
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PREFACE

With the advent of larger an faster computers new
problems have been opened to solution. More complex Sys<
tems, described by systems of ordinary
tions, are now being solved than
a bigger burden on numerical integration
they must be capable of efficiently
ing answers. In the case of stiff
tems with both fast and slow transie
integration process can be both time
sive. This work was undertaken to help alleviate this

prcblem. A new integration algorithm is presented that

does not suffer from many of the shortcomings of presently

available algorithms. 1In the very least, the techniques

developed to arrive at this new algorithm should provide

others with the insight and tools for pursuing this field.
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CHAPTER 1
INTRODUCTION

We are concerned with the nun rical integration of a

&

stiff system of first order ordinary differential equations®
w
!(t) - f(y(t). t),

given the ijnitial conditions

By stiff we wean a system with widely separated eigenvalues

of the Jacobian matrix J = gz of (1.1) evaluated along a

particular solution y(t) = g(t). Note: stiff systems are
encountered in many disciplines, e.g., reactor calculations,

circuit analysis, chemical kinetics, etc.

#7+ is assumed that (1.l1l) possesses a unique solut’on y(t)
for t > to. Such will be the case if g(z{t), t) satisfies

a Lipshitz condition, i.e., there exists a constant L>0
such that

|1£(y, &) - £(z, e)]] <L lly

R
o - e i
% e

for all t > 0 and y, z € R




Conventional numerical integration processes when

applied to stiff systems limit the integration step-size,

h, to a value determined by the largest eigenvalue or the

Jacobian matrix, even after the transient effects due to

the larger eigenvalues have decayed. This unnecessarily

causes the numerical integration process to become both
time consuming and expensive. Thus there 1is a need for
numerical integration processes which perform well when
used to solve stiff systems.

A detailed discussion of the history and state-of-
the-art as of 1970 of the methods used for the numerical

solution of stiff systems can be found in Bjurel et al

P e ) G e BEE R TR

[(BJU70]. A more recent bibliography coverin the field can

! 1

be found in [ENR72].

Almost all of the previous work has been limited to

classical multistep and Runge-Kutta type processes. Oof all

the schemes proposed the most widely accepted process is a
variable order, variable step algorithm due to Gear [GEA71a].
Gear's algorithm is based on the backward differentiation
multistep formulas described in [HEN62]. Recent modifica-
tions to Gear's algorithm by Brayton, Gustavson, and BHachtel
(BRA72a)] and by Krogh [KRO72] have attempted to improve on
some of the shortcomings in Gear's method, but their pro-
cesses are based on the same formulas used by Gear. The

performance of all three algorithms deteriorate when they




3
are used to integrate a stiff system wherein the eigenvalues
of the Jacobian matrix are complex.

Recently Sloate and Bickart [SLO71b] introduc d tae
concept of a composite linear multistep method wherein a

block of 1 future points are simultaneously computed using

~~T

t different equations. Siloate [S1071a] ha

gorithm suitable for the solution of stiff
unaffected by the presence of complex eigenvaiu in the
Jacobian matrix. However, the algorithm consisted of solv-
ing for two future points and retaining only the first of
these points at each stage of the process.

since then Bickart, Burgess, and Sloate ([BIC71],
Bickart and Picel [BIC72], and Watts [WAT71] have reported
on composite linear multistep methods wherein all L future
points are retained with the additional desirable property
of requiring only one backpoint making the processes self-
starting and simplifying step-size changes. These processes
are applicable to the numerical solution of stiff systems
and, to varying degrees, are not as sensitive to complex
eigenvalues in the Jacobian matrix as are th2 processes
pbased on the backward differentiation formulas. However,
they suffer the disadvantage of requiring the simultaneous
solution of & coupled equations.

Oone of the goals of the research effort reported here-

in was to obtain a new integration process applicable to




stiff systems that is efficient to use and that is not "too

sensitive to complex eigenvalues in the Jacobian matrix. As
composite linear multistep methods satisfy two of the th ee
in

requirements they were considered.

process efficient attention was further

the class of cyclic composite linear multist

in each of the & component fofmulas are
one of the % future points. The concept
linear multistep method is not new. It was
considered by Donelson and Hansen [DON71] and later by Chesler
and Pierce [CHE71], and by Dyer, pierce, Haney, and Chesler
[DYE72]. However, their interest was in orbit computation
and the processes they considered are not suitable to stiff
systems.

A search of the available literature soon revealed
that tools for characterizing the general class of composite
linear multistep methods that would be required in obtaining
the new integration processes Were noticably missing. Hence
a second goal of the research effort reported herzin was to
obtain new technigues to be used as tools in -haracterizing
numerical integration processes, specifically composite lin-
ear multistep methods.

Chapter II begins with a discussion of classical
multistep numerical integration processes and procedures

used to characterize them and concludes with a description




of composite linear multistep methods. Scme historical
perspectives are also presented. irth ore, since it
is a key ingredient of subsequent results reported, t e

concept of the characteristic equation of a multistep

.

process is introduced. Chapter III describes a program

used to obtain stability boundaries for multistep processes

from the characteristic equation. The program described

in Chapter III was used to obtain a new composite linear
multistep method; that result is reported in Chapter IV. A
variable order, variable step-size algorithm using this new
method is described in Chapter V. Results obtained with
this new algorithm from some sample problems are also re-
ported. Chapter VI contains conclusions about the new

method and an outline for future research.




CHAPTER 11

PRELIMINARIES

Bed Problem Statement

Consider the system

equations

It is desired to obtain a

proximates z(tn) = X(t0 -

Historically predictor-correctol
plicit Runge-Kutta type processes have
(2.1) numerically. However, when (2.1)
cal methods often encounter serious problems.
systems one wants to increase the step-size, once the
transient effects due to smaller time constants have de-
cayed, in order to decrease computer program execution
time. However, this is in conflict with the small step-
size regquired to keep the numerical processes stable.
Hence one is forced to use a small step-size resulting
in unnecessarily long and expensive program execution

times.




The phenomenon of a numer ical integration process
becoming unstable even when used to integrate a stable
differential equation can be exhibited by considerinc

the forward Euler formula

Yn+l = ¥5 . hyn'

-

when used to integrate the diffe

Yy = gy y(0) = vy,

g real and negative. The differential equ
stable; however, when (2.2) is used to

grate it, the solution becomes

n
y, = (1 +ah)" Y.

which for h > -2/q is unstable. This follows from the

i - H i i
> = | > |ly.|, hence, Y _=°
fact that, for h 2/9, 1¥n41! ¥, 10 B€ e, ¥, as

n+«, Thus, the forward Euler method 1is unstable under
these circumstances, €ven though the differential equa-
tion itself is stable.

Our aim is to present a new int
which avoids the pitfall exemplified DYy

method.




2.2 Linear Multistep Methods

Linear multistep methods

The LMM as given by (2.3) may used ~0 numeri-
cally integrate (2.1) setting fi = £y, t.) As the
differential equation uire: y initial condition soO
does (2.5). In fact (2.5 quires y_s.-++¥y,_q 28 start-
ing values. As information at k differen in time
is required it is called a k-step method.

Next consider

L[Y(tn). h] (a.y( ”:;; - h%jy{tn+j)}. (2.6)
jm=-k+1

Under the assumption that y(t) (2.6) possesses a con-

vergent Taylor series at t = t ¢) can be written as

Lly(t ), h]

*For notational simplicity only the scalar form of (2.1)
will be considered. The results extend, in a straight-
forward manner, to the vector case.




jm=k+1

The basis now exists for

Definition 2.1: The linear

ijs said to be of order p

# 0, where C, is

but C
i

p+l
The order of a method is related
tion error as follows: 1f

2) the multistep method

ii)

—_— p+l

Yn+j
11y y(t) is (p+l) times continuously
hp+l)

E

then y ., < y(tn+1) + Of

In the light of the relationship between order and
local discretization error one would like to maximize the

order of a multistep formula.

2.3  A-Stability

In 1963 Dahlguist [DAHG63] introduced the conceg

of A-stability; namely .

Definition 2.2: A linear multistej method is said

to be A-stable if all solutions of (2.5) tend to
zero as n+= when the method is used to integrate

the differential egquation




y(t) = g y(t)

with any fixed positive h where Re {q}
substituting (2.9) into (2.5) yields
1
(a, - ghB.) ¥ =
Z j g9 3/ ¥

n+3
j==k+1

The solution of (2.10) is given as

1

’ (a,

j=-k+1

) assumes that
general the

#The form of the solution as given by (2.11
the zeros of (2.12) are all distinct. 1In
solution is given as [HEN64]

5 m,
& ’ $-1.n .
Yo ) agsn’ Ly (2.11")
i=1 j=1
where the ci's are the s distinct roots of (2.12) with
multiplicity m,, respectively, and the a;j‘s are functions

of the initial conditions. AS the primary concern of the
present discussion is with A-stability it suffices to as~
sume that there are k distinct zeros of (2.12).




and the ai'a are functions of the initial conditions.
(Equation (2.12) is called the characteristic equation
of the method.*)

As a result of (2.11), if an LMM is to be A-stable,

u‘en I Cil < l' i‘l' . " &y k' f.{;r a .51": "" 7."“"--’"3‘ o ‘. bw‘\}c:’"‘: that

Re{)} < 0.
The forward Euler method given by

A-stable. 1Its characteristic equation

z - (1L +1) =0, (2.13a)

g = 1 + gh.

It is readily verified that for Re{q]

|1+ A > 1, (2.14a)

h > - 25521% .

1

*The characteristic equation is discussed
Section 2.7.




on the other hand, the backward Euler method, given

Yn+l1 = ¥n * hYnae

is A-stable. 1Its characteristic equation

;(l’k)°l=01

c = '1'-7-11'5 . (2.16b)
For Re{g} < 0 it is seen that |gz]| < 1.

The backward Euler method is implicit* and hence
more difficult to solve as ¥y ., appears on both sides of
the equation. pahlquist [DAH63] has proven that no ex-
plicit* LMM can be A-stable. He further showed that if
(2.5) is to be A-stable the order of the integrition

formula cannot exceed 2.

As high order integration processes that do not
restrict the step-size due to stability considerations

are desirable, researchers have looked for ways to

#A linear multistep method is called implicit if in (2.53)
By $#0. If B, =0 it is said to be explicit.




circumvent Dahlgquist's result.

2.4 A(a)~Stability

Widlund [WID67] introduced the concept of Ala)~-

stability; namely,

Definition 2.3: A linear multistep method is said

to be A(a)-stable, ac (0,n/2), if all solutions of

(2.5) tend to zero as n+= when

to integrate the differential eguati

y(t) - q y(t)

with any fixed positive h where

constant which lies in the set

3, {z:|arg(-2)| < a,
A method is A(n/2)-stable
for all ac(0,n/2), and A(0)-stable ii it
A(a)-stable for some (sufficiently small)

ac (0,%/2).

As the set Su defines & wedge in the complex domain, the

angle a in Definition 2.3 is referred to as the Widlund

wedge angle.




Dahlquist's concept of A-stability is to corre-~

spond to A(n/2)=-stability.

cit

b |
e

exist Ala)~-

By allowing a toO be less

as 12-th order have been reported [JAI]

[(GEA71la] and Brayton, Gustavson, and
have operational general purpose programs
signed for stiff systems. Both programs are similar and
incorporate and make use of multistep method
order, namely the backward differentiation
each of which is A(a)-stable for some ac(0,™

The effect of decreasing a is tO restri
values of the Jacobian matrix to a smaller regi
complex domain wherein the method remains asymptotically
stable for arbitrary, fixed h.

As the order of the integration process may exceed 2
for A(a)~-stable methods, a<n/2, researchers have focussed
their attention on obtaining higher order methods that are

A(a)-stable, with o as large as possible, for the solution

of stiff systems.

2.5 Runge-Kutta Methods {RKM)

In addition to linear multistep methods Runge-Kutta

14




type formulas have been used to numerically integr

A g-stage RKM may be written as [BUT64)

yn+l e v

All RKM require only one initial condition
self-starting. However, for every step taken, a g-stage
Runge-Kutta process requires g function evaluations®* in

contrast to an LMM which only reguires one.

If in (2.19Db) Aij = 0 for j > i, the process is gaid

to be explicit. Otherwise it is said to be japlicit. The
commonly used fourth order Runge-Kutta method is a 4-stage

explicit process. It is given as

sgvaluating f(y(t), t) is termed a
this is a complicated function, as
be a costly operation.




P

Ay1 ™

Az 2

Ag 3 ™

Though it has the desirable property of being explicit it
is not A(a)-stable for any ac (0,7/2] and is hence unsuited
for the solution of stiff systems.

Butcher [BUT64] has explored the gencral class of
g-stage RKM. He has shown that an implicit g-stage process

can have order 2gq. Ehle [EHL68] has shown that the root of

the resulting characteristic equation is the ?qq Padé ap-

proximation to the exponential and hence is A-stable.

Implicit RKM, hence, can have arbitrarily high order
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and still be A-stable at the cost of g function evaluations
per time step for an order 2q method. his is in contrast
to implicit LMM which require only one ion evalua. .on
per time point.*

Though implicit Runge-7utta me th

the solution of stiff systems of ordinary

tions they were not considered

to the high number of function

point.

2.6 Composite Linear Multistep Methods (CLMM)

In 1971 the concept of a composite linear multistep
method was introduced by Sloate and Bickart [SLO71b]. It

consists of £ linear multistep formulas used to simultan-

eously solve for & future time points. They may be written

as

*Both implicit LMM and implicit REKM may have to be solved by
an iterative method resulting in a higher number of function
evaluations per time point—1 function evaluation for an im-
plicit LMM and g function evaluations for an implicit RKM,
per iteration. However, on a per iteration basis, an impli-
cit LMM offers a distinct advantage over an implicit RKM.

ta variation of (2.22) has been used in which (2.22) is used
to solve for & future time points, keeping only the first
m (<L) of these values for Lhe t iteration. As an extra

(¢-m) function evaluations are performed at each stage, this

form of the CLMM was not considered in this research effort.
sNote: The index for n = 0 and j = -k f 1 is not zero. ToO
make it zero results in an unnecesss ; cumbersome equation.
It is left to the reader to recogni that to make the equa-
tions precicse k - 1 should be added t 11 the indices on t
and y.




3 E 1 (85,5 Ynesj =
=i 4

with

As with an LMM one may consider

Ly [y (t,,) sh)

Under the assumption that y(t) in

vergent Taylor series at t = ¢

Li[y(tnz)'h]

with

The order of a CLMM may now be

inition 2.4, which follows.

pDefinition 2.4: The i-th equation of the composite
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linear multistep method said to be of order
- 0 for § = 0, ccor P but C, ’ 0, wh
J v i,p+l ¥ 0, ere

Py 1£ C4 5
(py}. ~-en

C is given by (2.25).
i,3

the composite linear ep method (2.22) is

multistep

-

said to be of order p.

~ s
i <%

As with linear multistep method

etization

CLMM is related to its local discr

follows: If

i) the composite linear

#4in

y(t) is (p+l) times continu

able

p+l, ¢ iml
- y(tn£+i) + O(h ) ..Or S > 0 R
d Ala)-stability

andc

then Yno+i L.

The definitions of A-stability

are also readily extended to CLMM with the words "com-

replacing the words

posite linear multistep method”
1 2.3,

"1inear multistep method” in Definitions 2.2 aik

Sloate and Bickart (SL.O71b] have offered the follow~-

ing conjecture:
e composite

Conjecture: The order of an A-stabl

nnot ex

linear multistep mathod cannot

i

For L = 1 pahlquist [DAH63] has proven

Sloate [SLO71la] has derived a fourth




with ¢ = 2, the limit anticipated by the conjecture. For
only one backpoint, k = 1, the conjecture has heen proven
[SLO71b], though the maximal order of 2i¢ cannot be chieved
for ¢ > 1.*

Though at first gicnce the introduction of a composite
system seems toO complicate the problem, as X equations must
be solved simultaneously, the real benefit is derived from
the hope that A-stable processes of
limit hypothesized in the conjecture,

High order composite linear
been reported. Reference has already been
algorithm [SLO71a)] which is a 4-th order method and consists

~

: . t . .
of two equations. A-stable methods of order % + 1 which

retain all future points and with only one backpoint§ have

been independently reported by Bickart, Burgess, and Sloate
[BIC71] and Watts [WAT71]. The former reference also des-
cribes results obtained from a program utilizing these for-

mulas for L = 1, ..+, 6. Watts [WAT71] has proven that

sfor L = 1, the trapezoidal formula which has vy one back-
point is A-stable, of order 2. For k = 1 and £ > 1, only
(L + 1) degrees of freedom exist in choosing the parameters
for each of the % equations. Hence the maximal order
achievable is % + 1.

tsloate's algorithm oniy maintains one of the
time points solved for in each stage of the proce

§The advantage of only one backpoint, k = 1, manifests itself
in the ease with which the step-size may be changed.




these methods are not A-stable for ¢ > 8 but has shown that
it is possible to achieve A-stability with order equal to
the number of equations, for all 1, again with only o
point.

Composite linear mul :istep methods that achieve
order, with the desirable properties of A stability and
one function evaluation per
far have done so at the expense of
since % equations must be solved
stage of the process. As one of
this research effor. was to derive

ficient, cyclic composite linear multistep methods were

considered. (A composite linear mu tistep method is said

P

bi,j

to be cyclic if in (2.22) a; 3 =
¢

first it was hoped that high order A-stabl

could be found. This goal was not achieved. However, the
new integration methods described in Chapters V are
A(a)~stable and hence applicable to the solution of stiff

systems. Moreover, they exhibit better stabiliiy proper-

ties than the backward differentiation formulas in Gear's

widely accepted algorithm.

27 The Characteristic Equation

Consider the composite linear muitistep method

(2.22). The set of L scalar equations can be expressed

pa




in matrix notation as
{Ao !n ¢ A-lgn-—l v
-h{B, ¥ + B_,

where

r )
Y (n-9) 242

Y (n-3) 2+1)

e

i
i

f
al,’jl"'g«

+
*
&

%2, 3242

(
Bl '—jl"’g’

lBl,-jl‘Fl

..y K, K i8 the integer

- = 0 whenever m < = K
ﬁl,m

consider using the CLMM as exp




eguation y(t) = q y(t),

3

to integrate the linear differe
K. With = gh,

or equivalently in—j

(2.26) becomes

~ 54

(A, - ABO)Y, +

which is a vector difference

0
X Rj(k)zn—j o 9’
j=-K

where Rj(A)

p (g, ) ) Rjix>gﬁ*33

j=-K

Then for a given step-size, i.e., fixed

{A)

solution, governed by the zeros G .

K

L
n

Y = 1 C3ti(A
e

i

where the vectors Ci, i =1,




initial conditions.* (Note: 0f the KL zeros of pl({,A),

#The formulation as given by (2.31) can be proven by an
extension of the scalar case as given in Section z...
As in the scalar case a gimplification has been made in

(2.31). In general one must consider the invariant poly-
nomials of the polynomiali matrix [GANG60O ]

0
R(Z,A) = L
j=-K

The invariant polynomials,
defined as

+1-7 o s
lj(c,k) = with J

where Dj(c,k) is the greatest common

minors of order j of the determinant
DO(C,A) = 1. The general solution is

[DEJ67]
& L m,

i1,
!nz z Z Z gi,j'D'
i=1l j=1 o=1

where the Li's are the s distinct zeros of (2.30) of
multiplicity mi,j in the j~th invariant polynomial
lj(c,l) and the gi,j,o's are functions of the initial
conditions. (Note: It is possible that

for i > jo > 1. Moreover, m,

scalar case, i.e., g=1, (2.31')




KL - k of them are identically zero for

Equation

the composite linear multistep method

all values of A.)

polynowial of

Now if a method is to be A-stable,

n+», Therefore by (2.31)
only if |§i(A)i <1 for i
x with Re{A} < 0. similarly, if a

4% 1

stable for some ac (0,n/2), then g, (M)}

..., Ko, for all values of A ¥ 0 such that

in the next chapter the basis

ficient conditions for graphically

poundaries of a composite linear multis

and suf-
stability

e
e

i.e., determine the regions of the A-plane for which all

solutions of a CLMM, when used to integrate a linear dif-

ferential equation, tend to zero as n

jstic equation (2.30) is examined for

for which !ci(A)I ¢ L

The character-

of




CHAPTER III

STABILITY BY GRAPHICAL METHODS

3.1 Introduction

Consider the linear different.>l egquation

yit) = g y(t),

and the composite linear multistep me thod

{Aogn 4 ovo 4+ ALY

Asymptotic stability for a CLMM wil

pefinition 3.1 which follows.

pefinition 3.1: The composite linear multistep

method (3.2) is said to be asymptotica

for A, = q h, if all solutions of (3.2) tend to zero
as n + ® when it is used to integrate the linear dif-

ferential equation (3.1).

If (3.1) is substituted into (3.2), it has been

shown in Section 2.7 that the solution is governed by the

zeros, Ci(k), of the characteristic polynomial of

namely o

p(g,A) =det { [ (B
j=-K




pefinition (3.1) is equivalent to sayil
asymptotically stable at the point

p((.lo) are well defined, that is,

and less than unity in modulus.
The characteristic lvnomial can be written as the

-
ais

product of three polynom
plz,2) = 2(g) plg,2)

where zZ(z) and AlX) are, respectively, polynomials in § and
A only, and p(Z.,}) is a polynomial in both & and A that can-
not be further factored into the form (3

I1f z(z) is a non-constant polynomial and its zeros,

z;, are such that for some i |z;,| > 1, then the method is
not asymptotically stable for any A. On the other hand, if
for all i Izil < 1, ther the stability of the method is not

affected by 2(g). For those values of A such that A(}) = 0

the zeros ci(A) of p(z,)) are not well defined (equivalently,

jll-defined) .* However, in a deleted neighborhood of each

*Note: The zeros of A()) are O zZero f : €Ao-x oli
" r

1A
Al &

at the other zeros of det{Ao—ﬁ~ ( he ze - e

unbounded (equivalently, unde fined Thy the zeros
;ilks of p(z,)A) either are not wel ined or are unde-
fined at those values of A for which u";AO—ABO} vanishes.
Now, it is for just these values of ) ti (3.2) does not
have a unigue solution when used




of these points, ci(x) is well defined. (These zeros are
discussed in greater detail in Section 3.2.)

Considering the complex i-plane one may collec. ali

1e ime
CaiiYy s R pReRle

anwrmmbntisaliv gt )
s, Qe 4 Pl N Vs o a . e

Iyt min &
S

points A for which

T o
Neddd 4 s A HEH

o
2 v

a set, S()\), i.e.,
s(a) = {i:
or, equivalently,

a(a) = {x: gi(k} is
lci(x)l c3s & Ki}. (3.5b)

the method

is A-stable; i i = : Ref{)} < 0} if L, C S(A)

then the CLMM (3.2) is A-stable. Note: : e complement

of the set S(1), denoted as Sc(k), the te linear

multistep method is not asymptotically stable, by defini-
tion of S()A), and, hence, there must be either at least one

zero of the characteristic polynomial such tha ;jﬁl) is

well defined and |¢.(A)| > 1 or the ;1‘i‘ : not well
J — .

~nf
N A

defined, corresponding to a zero

Let B()) be defined as

B(A) = 5w N s -
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where S()) is the closure of 8(A). B(lL) may also be defined

as

B(A) = {A: for at least one
is well defied and
In the next section it is proven
by continuous curves, yi(k}, in
These curves, Yi(l), together separate
regions* wherein the CLMM is either asymptoti

+

or not asymptotically stable.

3.2 The Lambda Plot

The characteristic polynomial (3 1) " may be written

as a polynomial in two variables as

k L

p(;:k) - z Z
j=0 i=0

#T7he term components is used by 0deh and Linigor [ODE71].

*Except possibly at a finite éét of points where the ci(A)

are ill-defined, i.e., at those values of A for which

A()) = 0.

sThe characteristic polynomial has a I fKL'K; i.e.,

in (3.4) z(z) has at least a factor ‘ since this
factor in no way affects stability considerations, as it
only adds at most a multiple root at ¢ = 0 for all values
of A, it can be dropped from consideration. Therefore,

in all that follows, p(Z,}) will be trea as though this

a
factor has been removed. The resulting lynomial is hence

of degree k < K& in Z.




or alternately as

L

plz,0) = § pylonat,
i=0

k
ps(2) = ] aijcj, with i
j=0

Similarly, one can express p(g,)) as

I3

plz,A) = J qj(x)c:,
j=0

- i . 2 -
aijx , with j = 0,

qj(l)

i=0

It shall be assumed that (3.7) is irred
it is not, then p(f{,A) can be written as the p
irreducible polynomials and the discussion to
to each of the irreducible polynomials that is
tion of A or r alone.

Since (3.8) is a polynomial in f and

*A polynomial in two variable is irreducible
be expressed as the product of two polynomia
which is constant. By assuming that p(g,2) 1
{A: A{)) = 0} will be empty, and need not be
These points will be reconsidered later.

3 —— 3

V_’.’_f_',“_ ; ‘.6 ®
roduct
follow anp

not a

it cannot
neither of
irreducible
considered.




written as*

p(g,2) = pl(c)ll-fl{c>?zl~f2€;%3~~~ti~f£(a>3, (2.12)
where each fi(c) is a wel. defined
analytic except at, at most, a finite
singularities. Denoting theseJSigﬁ”
are either the zeros of the resultant
3lp(g,A)1/9¢ or the zeros of pﬁ(g}n
At the singular points C_ such that
Ahlfors [AHL66] has shown that each fiﬁc} is bounded, that

is, these singular points are ordinary algebraic singular-

ities (equivalently, branch points). Furthermore, at those
o S —————————

points ¢ such that pz(cn) = 0 there exists a least rational
+ . o
number m, non-negative and finite, such

remains bounded, that is, these singular points are algebraic

poles or, in the special case corresponding to m=0, are or-=
dinary algebraic singularities.
Now, consider

p(eje,k) = 0, (3.13)

#The material in this and the following paragraph is excerpted
from Chapter 8 of Ahlfors, Cowplex variables [AHL66].

{

1- 3 » - oy 2
The rational number m 1S bounded from above by the multi-
plicity of the zero c of ?igg},
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where j = /-1 and 6 ¢ [0,2%). From the previous development,

(3.13) defines % loci

= 36
A  (8) = £5(e”),

extended complex

pefinition 3.2:

y(a) = {x: A= 1;(8)
for a given composite linear

termed the Lambda Locus, OF th

method.

The Lambda Locus, Y(Ai), is a set of closed curves
which divide the extended complex plane into a finite col-
lection of open connected regions. Let N(iA) be one such

open connected region and 9N(1) be its boundary, i.e.,

aN(A) = N(X) - N(A). (3.16)

Note: @oN(A) € y(A) but N(A DY () 4. & beiny the empty set.

The stage has now been set for

Theorem 3.3: For all points y» contained within the

open region N(A), one, but not both, of the following
statements is true:
i) The composite linear multistep method is asymp-

totically stable.




ii) The composite linear multistep method is not
asymptotically stable.
The consequence of Theorem 3.3 is that yv()) s parates
the complex A-plane into regions wherein the method is either

asymptotically stable or L.o*

Proof of Theorem 3.3: Assume

such that Al e S()\), i.e., Al

Next, assume that there exists another
that AZ g S(A). Now, consider

and p(;,AZ) = 0. uy a development simila

have,* with i = 1, 2,

Two cases need to be considered as follo

Case 1. Neither Al nor A, is ingular point of

g

g:(A), 3=1, -.-» k Note: Under these

conditions
Case 2. Either, or
point of g.

J
Case l: By constructiou, for at least one

*See (3.10) for a definition of g, ().
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and |gj(xz)l > 1. If lgj(iz)i = 1 then A, € Y() e NIOAOAYO) = ¢,
Hence lgj(lz)t > 1l. As -’;j(l&} is analytic except at & finite

number of points there must exist a

say L, completely contained within

gj(x) is analytic. As }gj(xzﬁg >

a point A; € L such that igj(}”}ﬁ

N(A) NY()) = ¢ which leads to a

Eence, Al and Az cannot both be

A, € S()) and Ay g S()).

1

Case 2: As before, ror at least one index

|gj(A2)| > 1. Again it can be assumed that |«

9
-4
(

R
A) = -

otherwise Az e y()), which contradicts Y(A) NN

Assume A, is a singular point of giik) but qy(kz) # 0,

i.e., A\, is an ordinary algebraic singularity of gj(x).

2
Now, consider the function Gj(l) defined as

cj(x) = ]gj(x)l,
_ lim
Gj(lz) =, cj(z).

The function Gj(k) is well defined and continuous in a

neighborhood of AZ. Hence, for each ¢ > 0 there exists a




§ > 0 such that

for all A, for which |23 = A,
an ¢ can be chosen such that G,
A= A

3
similar argument to that in Ca

gj(x) is analytic andAég

Next, suppose qk(xz)
of gj(k),‘ thus gj(kz) + ® as
deleted neighborhood of Az
Again a contradiction results.
1 be a singular peoint of jilf Note:
cannot be an algebraic pole, by construction; hence qk(kl) # 0

Now, let A

and ). is an ordinary algebraic singularity. As before,

1
consider the function Gj(x) defined as

G4 (A) lgj(A)l,

*The zeros of qk(l) correspond to those
which the zeros of the characteristic
are undefined, i.e., gg(}) = det{Ac-)B

assumption, none of these points are
constant.




iim - .
A‘kl Gj(.}.

G52y

~
Gj(x) is well defined and continuous in

’

Al. Hence, for each £ > 0 there

~

G, - G,
|65(3) - G

A.) ] <€ €
( l i -

for all A, for which [A; = A | <

an ¢ can be chosen such that Gj{)

A=A, gj(k) is analytic and |g. ()

-
4
J‘ -t

) |
tradiction results. Q.E.D.

From this theorem follows

Corollary 3.4: If N(X) is an open connected region

in the extended complex A-plane determined by the

Lambda Locus and if there exists a point A € N(}) such
that the composite linear multistep method is asymp-
totically stable at ) then the CLMM is stable for

all A € N(})).

Corollary 3.5: If in

N(L), of the extended

the Lambda Locus, there exists ¢ point Ao such that

n < k of the values p(¢ greater than one in

,XO‘
modulus then this condition is true for all X € N(A).

Moreover, if Na(l} and N _(}) e twe uch regions




37

such that aNa(x)(\aNb(i} # ¢ then as one crosses from

Na(x) to Nb(k) at least one root of the character-
istic equation has gone from being less than unity

in modulus to greater than unity, orx ice versa.

- .

As previously noted, y(A) divides the
plex A-plane into a collectiaon of open connectec
At most L+l such regions can be formed, each
be tested to determine if the composite linear
method is asymptotically stable or not
Moreover, as the set of points in

fined by (3.13) is a mapping of a

in the extended A-plane must also

tours [AHL66]. Hence, if one of the fiiejj'

~

not form a closed contour in the extended A-plane as © goesS
from 0 to 2w, it must join at least one other segment to
complete the contour.

It has been assumed that the characteristic polynom-
jal is irreducible. If it is not then the results of this
section apply to each of its irreducible factors,

(1)

Al o

factor will be a stability region, S,

region of the CLMNM, S()\), is then given

™

ze

S(A) = 51“" N~ NSs_(A).




Excluded from the discussion have been pclvnomials

which are functions of )\ alone and of ¢ alone; i.e., it has

been assumed that in (3.4) both A()\) = constant
constant. If A()) is a non-constant

ci(x) of the characteristic poly.omial

at the zeros of A()A) and {): Al

stability region S(1) of the method.

stant polynomial and its 2zeros, Z;.

ie !zi| > 1, then the method is not

any A. On the other hand, if for all i,

stability of the method is not effected by 2(¢)
An example of a factorization of

in (3.22) [WAT71].

yn+1 ” yn - h{yn v yn+2}

yn+2 = yn o h{yn ¢ yn+l}

The characteristic polynomial is given as

pl(g,2)

plg,A) = -

In the notation of (3.4),




z(g) = ¢
;(C:X) - (C"l)

A{)) = 1+).
The zero of Z(g) at ¢
ignored. The stability v the irreducible polynomial
;(;,x) consists of the open left«hai plane as can be seen

from

-~ r._l
plz.,2) = -(g+l) (A-z-;i-) :

The Lambda Locus for p(g,A) consists of the imaginary axis

which closes at infinity. Moreover, ~(z,)) has an algebraic
pole at A = +1. The zero of A(L) at A = =i indicates the zero
of ;((,X) is ill-defined there; hence, the point A = -1 must
be excluded from the stability region dete mined by a con-
sideration of ;(c,x) alone. The Lambda Locus for the irre-
ducibie polynomial A(X) consists of a single

x-—lo

3.3  Stiff Stability

For a composite linear multistep method to be useful

for the solution of stiff systems of ordinary differential

*Note: The Lambda Locus corresponding to A(A] consists of
isolated points ccrresponding to the ze:




equations one desires asymptotic stability in a *large®”
region of the left half of the complex A-plane. The concept
of stiff stability includes this attribute., Stiff & tability

3.6 [BIC72)], which follows.

Definition 3.6: (et S_ be an open connected region
of the extended complex A-pl such that

i) {r: Re{l)]}

ii) A= 0 ¢
Then the composite linear multistep method (3.2) is

. |

said to be stiffly stable if all solutions of (3.2)

tend to zero as n+= when the method is used to inte-~
grate the differential equation

y(t) = q y(t),
with any fixed positive h, such that

gh = A € Sy.

I1f a method is stiffly stable and if {A: A is real

and negative}c:sY then it is A(a)~-stable for some a € (0,n/2}).

Moreover, a method is A-stable if it is stiffly stable for
all A € S, i.e., the method is stiffly stable with v = 0 in

pefinition 3.6.

-

The development of Section 3.2 permits one to deter-
mine the stability poundaries of a CLMM and hence determine
if it is stiffly stable or A-stable. The method may be sum-

marized as




Procedure 3.7: Given a composite lincar multiste
: =

method and its characteristic polynomial p(Z,2), the
mapping of the unit circle in the r-plane into the
A~plane defined by (3.13) is applied, dividing the
extended complex A-plane 1into iisdoint reaions. (At
most L+1 such regions exist.)

the CLMM could be stiffly stable

point is chosen, say AO. The

{‘
.

1 G2 VY

P

p(c,lo) are determined and, 1
{=1, ..., k, then the method is stiffly
in addition, LA
method is A-stable.

In applying the mapping (3.13), one must be careful
to exclude the points in the A-plane for which the zeros
*®

(i(l) of p(g,A) are jll-defined from the region SY'

Procedure 3.7 has been implemented in a computer pro-

gram for determining the Lambda Locus of a method. Note:

pDefinition 3.6 requires A = 0 to be in §Y and implies A = ®

is in §§. Consequently as an aid in determining if a CLMM

is stiffly stable the program solves for the zeros of plil)

and po(c), corresponding to {;i{w}} and {§1{O}}, respectively.

ach of these points,

Y

*These points are the zeros of A(A). E
if any, must be determined and exclude




L ¥

For A = 0, p(g,)) must have a zZero at £z = 1;* thus the point

A= 0 £ Sy' As |ci(A)}, j=1, ..., k, is a continuous function

of A, if the method is stiffly stable [, (0) & R can-
not have modulus greater than unity. I1f for sc i this
condition is not met then i-he method cannot

stable. Moreover, if izi{w3§ < 1 and

*If the CLMM is to be at least of order
of the matrix

0
A= ] A
i=-K
must sum to zero; hence,
0
det { 1 A%
i=-K
must have a zero at § = ) I

+An even stronger statement can be made as follows: The
modulus of all roots of pl(ﬁ) = 0 and p_(%) = 0 must be bounded

by 1 and the roots of modulus 1 must be "gimple® [HEN62].
1f pl(C) or po(C), say po(c), has a zero of modulus 1 with

multiplicity greater than 1 the minimal polynomial of
R(Z,A), x(%,)), must be examined at A = 0. If x(%,0) = po(;)

the method cannot be stiffly stable Howeve., if x(%,0) #
(

K+i . e
} = p(g,0) = poigﬁ

po(c) the invariant polynomials 1j A, =1, ..., L, @8

defined by (2.33), must be examined at A = 0. If for all 3
the zeros of lj(L,O) have multiplicity 1 then the method

may be stiffly stable. Otherwise, the method cannot be
stiffly stable. WNote: x(Z,A) = 1, (5, 2) and lj+l(§,A)!zj(§,A)

fOl' j-1' «® ey l-l.




such that the method might be

connected region exists, say S,

A = «» ¢ S), then the method is

Ci(l) of pl(g,)) for an additional

need not be checked. Thss

and the fact that in this i

3.4 The Zeta Locus

Since the charact
linear multistep method is

be wr.tten as

p(z,\) = g (A) [g-g; (M) 1 [2-g, (X))

where each gi(A) is a well defined
analytic except at, at most, a finite
singularities. Denoting these singular
are either the zeros of the resultant
3[p(z,A)1/3) or the zeros of q, (A).

in the A-plane shown in Figure 3.1.

+

t
(0
t

)
i

n
bt
‘! :
M
N D

M th

o 5
OB
o™ 5 B 5

&

#*As was in the discussion with
that the characteristic pelynomi
not, then pl{g,A) can be written
polynomials and the discussion a
ducible polynomials that is not
The special case wherein ona of
be a function of A or § alone 1is

'n

r0 bR
O

Pa—
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" el
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-
@
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(that is, a
§ and
and t. 2 Z<ros

of the region

Corollary 3.4

composite

and A, it may

function of A,
of isolated
as d then
m’ y
and
the contour

oint R on the

it is assumed
If it is

of irreducible
the irre-
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COMPLEX
A-PLANE

PROJECTION OF C, ON
THE RIEMANN SPHERE

Figure 3.1: nefinition of the Contour C,




Riemann sphere of Figure 3.1 moves towa ds the point T, C;

completely encloses the open left half of the complex A~

plane.
Now, consider
plg,A) = 0, X e C,.
As in Section 3.2, (3.27)

in the complex A-plane.

Definition 3.8:

rig) = i 5 'y v 1=l (3.29)

for a given composite linear

termed the Zeta Locus, Or the

method.

The Zeta Locus is a useful tool for checking if a

is A-stable.

Theorem 3.9: Let U_= {g: |g| < 1}. ; he singular

points of the characteristic polynomial a composite

linear multistep mecthod, denoted as d_, are such that

éid

a ¢ fx, then the composite linear multistep method is

3 -

A-stable if and only if its Zeta Locus is contained

within EC'




Proof: The proof is a direct consequence
Modulus Theorem of complex variables [AHL®
assumptions of the theorem the gi(;}‘a are
A€ f‘; hence, each assumes its maximum on
for A e C, g3 )| < 1 then lg. (W) ]
definition the method is A-stable.

method is A-stable, then forrl

|Ci(l)| < 1 for ) ¢ C\, and the

within ﬁ(. Q.E.D.

The Zeta lLocus, . itself, does
and sufficient conditions for checking
stable, since the location of the singular
determined and checked independently.
those singular points that are in the left
plex A-plane, a situation in contradiction
hypothesis of the previous theorem, and le
As each d; is an isolated point, the gi(k3
everywhere for A € L* and, therefore, each

A

theorem easily establishes

Procedure 3.10: Given a composite

of the Maximum

6]. Under the

lytic for

T

he primary
8 P : - [ ~ 7
t L L, Ldmx.

are analytic

agsumcs its maxi-

mum on the boundary. A proof similar to that for the last

method and its charvacteristic polynom

mapping of CA in the A-plane into the

by (3.27) is applied, the:

Locus T (z) for the method.




singular points of plg,A)

determined. The k zeros g, (d )

2
s

dm B LA are determined and if all are o« i, U,

the method is A-stable.

At those singular poin.s

exists at least one index i such

f41 %

algebraic pole at A = dm, i.e., 9;A)

X*dm.* Hence

Theorem 3.11: A necessary condition for a composite

linear multistep method to be A-stable is that th

by (3.11), be in the open

zeros of qK(A), as defined

right half of the complex A-plane.

Note: Singular points may exist in L, i the method could
M

<

still be A-stable. However, they can only be branch points,
that is, they cannot be algebraic poles, name zeros of

&+
qk(X). Moreover, if the singular points are not checked,

+he Zeta Locus.

erroneous information may be inferred from

*Though gi(k) becomes unbounded, there exi

A

integer n such that (A-dm)ngi(k; remains

*Determining the singular points that
is a non-trivial task in practice,

™

v O

’As an example, the Zeta locus, alone,
difference composite linear multistep m
Bickart and Picel [BIC72] would indicate
order method is A-stable. The Lambd
indicate that it is only stiffly stable.

proposed by
the 6~th
however,

®

-
0




e A e AR S -

by (3

The Zeta Plot, as defined

wraey 4
Al o

information as to whether or not

if it is not A-stable. However, sli

the above formulation establishes

|
U
r
i

Corollary 3.12: Let

& ~ eseT ] Y
ted rega

arbitrary open connec

=

e

£
A

plex i-plane. I or a

given

step method:

i) All singular points

equation, denotec
d ¢ L!
m A

The k loci,

r. (d
’ 51( m) €

Y

J

&2

ii) l(l

and ) € aLi are conta
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.28), cannot yield any

F

18

gtifvly stanie

|
a8 *-1"’«6

aht

T8 i3

modificat

1IN
e &85

Then the composite linear multis

-

L

totically stable for all A

is chosen such that Sy, of Defi:

- #

- =

LUl A

.
then the method is stiffly sta

T . pep—
e W10

tained within and

| ™.

Ad

In practice the Lambda Locus
ful in determining if a method is sti
Corollary 3.12 requires an a priori

S which is unknown at the outset.

xl

Liil

It has been assumed that
is irreducible. If it is not then the

apply to each of its irreducible

idd A

. NI
wr - =

=

-~ J taAdiNa

1
i€,

more use-

g 2
rOu 3
PR

X

polynomial
this section

irreducible
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factor and its associated Zeta Locus
discussed in this section.

Excluded from the discussion
which are functions of )\ alone and
been assumed that in (3.4) boch A(A)
constant. If A()) is a non-constant
{rx: A(X) = O}C:LA then the
results. Note: At those

Ki(k) of the characteristi

fined. An example of a

factorization was given

that method consists of

circle in the g-plane one is tempted

method (3.22) is A-stable. However,

A= -1c¢€ LA the method cannot be A-stable.
1f z(z) is a non-constant polynomial

Locus corresponding to the 2z(z) consists of i - points,

namely, the zeros, Z;. of z(z). As long as | | 1 for all

i the Zeta Locus may be interpreted correctly. Frowever, if
for some i, |zi| = 1, a casual examination of the Zeta Locus
may lead to erroneous conclusions.

of factorization is given in (3.30) .*

sThis example was offered by
Department of Electrical and Comput
Syracuse University.




- -l pecs hi Sy
12yn_1+24yn ‘27n+1 h{5y

8Y 112V, *4¥ 0 = BT
The characteristic polynorial

«12(z+1) =2 ({~9¢
p(;:l) det

(C“l)i

(3—3A+x2) - (343)+)

1.

The Zeta Locus associated with pl(g, Al

the unit circle in the g-plane while the Zeta
ponding to Z(Z) consists of a single

the Zeta Locus for the method (3.30)

the isolated point [ =

an A-stable method.*

LOocus corres-~

ircle

that

and

it is




A for ¢ = 1 the method cannot

3.5 A Plotting Program

One of the primary orjectives OI the work reported

herein was to obtain new and precise methods bj which to

characterize the stability properties

multistep methods. To that snd the
Lambda and Zeta Loci to those stability
established. To use those relationships in the search for
*properly” stable CLMM's a computer program was written®
for plotting both the rambda Locus and the Zeta Locus of a
CLMM. A block diagram showing the five segments cf the pro-
gram is given in Figure 3.2.

After program execution is begun control is passed
immediately to the subroutine ACCEPT, which returns the
characteristic polynomial in a doubly dimensioned array of

real numbers, ICHAR.Ts In particular, +he characteristic

*The program was written for execution on 2a XDS SIGMA-5
computer. The program is in non-standard FORTRAN making
full use of the power of XDS EXTENDED FORTRAN-IV. As an
example, many arrays are indexed from zero rather than one
as in standard FORTRAN-IV. Conversion to standard FORTRAN
is readily made. Listings of all programs cited can be
found in Appendix A.

1'1\11 computation is in double precision. On the XDS SIGMA-5

computer this corrzsponds to 56 binary bits of mantissa, Or
approximately 16.8 decimal digits of accuracy.

sAll capitalized words correspond to actual program variable
names .
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polynomial is

NL NZ
plg,.2) = [ ] ICHAR(I,J) ¢ 2"
I=0 J=0
For a CLMM consisting of 1%

NL = 2 and NZ = K.

Though only one progran

are in reality many programs.

fact that numerous ACCEPT subroutines

One version reads a CLMM from cards

minant as given by (3.3). Another

teristic polynomial directly from cards.

characteristic polynomial, for the moment

maximum degree NL in A and of maximum degree

addition an eight character alpha-numeric

supplied. This jdentification appears on all

printed output. The type of locus to be

Lambda Locus, Zeta Locus or both, is also specifi
Control is then transferred to subroutine

prints the characteristic polynomial on a line

determines if the method is potentially stable by examining

o

the zeros of the characteristic polynomial at A = 0 and A = =,

*This assumes that the factor sz— has been removed from the
characteristic polynomial and that all future points are re-
tained. If all future points are not retained then NL < L and
NZ < k. The program can accommodate this variation of a CLMM.




With the characteristic polynomial written 25 in (3.8),
these zeros are, respectively the zeros of pﬁii) and pl(c).'
These zeros are computed and printed on the printer.

It is possible for a cheracteristic polynomial of a
CLMM consisting of L equations to be of degree n < L in A. An
example of this phenomenon is found in the CLMM consisting
of the forward Euler formula and the backward Euier formula
applied cyclically:

Yn+e1 = ¥n + hy,

(3.34)

yn+2 . yn-H. ¢ hyn+2

The characteristic polynomial is given by

Z -(1+2)))
p(z,)) = det . (3.35a)
- g(1-1))} )

p(g,A) = g[(~-1+L) - (1+Z)A]. (3.35b)

p(¢,A) is linear in ) even though the method consists

*#ps discussed in Section 3.3 these zeros
mining if a method is stiffly stable.




of two equations.*

Subroutine INPUT checks for the pos
in the process of determining the zeros
dition does exist, it decrements N
to determine stability at h = =.
is necessary.

Control then returns to MAIN where
prising the loci, as defined by (3.13)
by (3.27) for a Zeta Plot, are computed.

The MAIN program segment consists

iritialization, start-up, and loci comput

The initialization section, shown in

in Figure 3.3,* starts by reformatting the

#1n fac:t the method (3.34) is A-stable as can
setting p(%,A) = 0 and solving for . Thu

1+)

CB_—-—-

1-A
(The constant zero at § = 0 in no way affects stability and
oy

may be ignored.) It is readily verified that [T} < 1 for
rRe{q} < 0; in fact the characteristic equation is che same
as that for the second order trapezoidal rule which is well
known as being A-stable. However, this method is just of
order 1. But of more interest is the fact that e of the
equations is explicit. Hence, an implicit egquation need

be solved only every other +ime. The possibility of inter-
mixing implicit and explicit equations to rm a MM is an
interesting concept worthy cf further research.

$ . : ,
All statement numbers reter to actual statement numbers in

the program, a listing of which can be found in Appendix A.
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Main Program—Initialization Procedure

Figure 3.3:

sioned array CHAR. The array CHAR

degree NROOTS whose j=th row*

for a Zeta [Lambda] Plot. Thus

determine a polynomial of acgree

[Lambda)] Plot. NROOTS and NDEGREE

respectively, for a Lambda Plot and

ly, for a Zeta Plot.

is initialized. VAR

Plot and jw (A = 0 + ju with
puring the start-up P

form in Figure 3.4, the star

NROOTS loci are computad.

For a Lambda Plot © is initiall

+
half the locus need be computed, ® is

*Indexing starts at zero.

TThe locus for 6 varying from O0=7 is th
of the locus corresponding to © varyin

need not be computed. This can be se
characteristic polynomial can be

k L
ptg,\) = [ 1
=0 i=0
where the aij's are real numbers.
complex conjugate, consider
-~ o~ k 1 ~ s .
p(g,A) = ] ) aijllrj,
j=0 i=0

polynomial from the array ICHAR to @ second doubly dimen-

ines a polynomial of
< 4
(2]

row

for a Zeta

w

d

S¢

v r.l-‘_'

complex conjugate
from 0+-m1 and hence
as foliows: The

-
2N as
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At each new plot point 6 is incremented by »/INCR.* For a
Zeta Plot w is varied from 0 to AP" (chosen as 1035} in a
geometric manner as follows: The start-up i is alv ws
chosen as w = 0. After the initial point for each loc

computed w is set to Al (chosen as

oin w .. 1 hosen as
P t, w ., 18 o e

-~ —

Tkt \
l |
pl{g.2) —\ I I 234
j=0 i=0

Hence, if for a given value of §, S&¥ A is a root of

the characteristic equation, 1.€. : A ) = 0, then
t root of p(:o,k) = 0.

i
p(Co.lo) = 0. This implies tha

0
. =38 i@ sat o
As e 36 - (e’”) the claim is proven.

*INCR is chosen as follows: A singly dimensioned complex
array ROOTS (dimensioned at 1500) is used to store all
points to be plotted. Because it is desirable to compute
a maximum number of plot points, INCR 1s chosen as the
largest integer satisfying (INCR+1l) NROOTS < 1500. Each
locus, i.e., each fi(c) or gj(x) of (3.12) or (3.26) for

a Lambda or Zeta Plot, respectively, is evaluated at INCR+1
values resulting in a plot comprising (Z2xINCR+1) NROOTS
points.

1'In an argument similar to that for a Lam Plot. only half
the locus need be computed as the locus for w varying from
0+-» is the complex conjugate of the locus corresponding to
w varying from 0-=.

§ | . . "
It has been found that, in general, a value of w = 100 18
close enough to « so as not to adversely effect the appear-
ance of the plot.




W ” DELTA*wn,

omira = (AP/AT) I/THCR)

Varying w as indicated by 1..36),
been found to yield better results
plots.

For the complex value VAR, a polynomial 1is computed
which is a function of only one variable—) if it is a Lambda
Plot: ¢ if it is a Zeta Plot. al, degree
NROOTS, is formed in the complex array POL gi as

NDEGREE

POLY (J) = ) [CHAR(I,J) ] [VAR
I=0

This procedure is repeated at each plot point—value of VAR.

The zeros of this polynomial, whose coefficients are

complex numbers, are initially computed by the root finder

COMROOTS using a Newton-Rhapson iteration to extract one root

at a time.* If the rootfinder indicates success each root

*#aA11 zeros are computed with equal accuracy &s follows:
Assumc that a root of the polynomial p(x) has been found,

say X,- A Newton-Rhapson iteration ig then performed on
the reduced polynomial p(x)/(x»xl} to locate a second zero.




61
is further refined by a second rootfinder, REFCROOT. (This
rootfinder also uses a Newton-Rhapson iteration and improves

on the guess of the root locations®* as given by CUMR™ /TS .)

This value is then used ..~ an initial guess for Newton-
Rhapson iteration on the initial polynomial, p(x), result~-
ing in a more accurate value, say X 'he pro is re-

3 "
=

peated for the third zero, this time starting o h the re-
duced polynomial [p(x)/(x—x,))/ix—xﬁ} to obtai iritial
Ao e

guess for a Newton-Rhapson iteration on t] o1 inal poly~-
nomial. This process is repeated until al s have been
extracted. By returning to the original | omial at each
stage, the error incurred in determining zero (due to
round-off, etc.) does not effect the accuracy to which a
second zero is determined. Logic to detect multiple zeros
is also built int. COMROOTS. Note: I1f two zeros of the

pelynomial, say X, and x,, are clnse to each other, but not

equal, the procedure outlined may assume that a multiple

zero exists. Such a condition can Occur if the intial guess
for the Newton-Rhapson iteration on the original polynomial
for the zerc X, is "closer" to Xy than to Xx,. In this case,

the procedure will erroneously yield X, as the zero. This,

howe'er, does not present any major problem. Multiple zeros
are checked for in the locus computation segment and handled
as a2 special case. This procedure is described later.

*Convergence is determined in the following manner: The
(n+l)-st guess at the root is given

= +

where X is the best guess at the end of the n-th stage and

Gxn = -p(xn)/p'(xn), p(x) being the polynomial whose zeros

are desired. The process is terminated when iiéanQ/g(xr+l)

< EPS (set at 10-10) , where

1EIRE

1

g(x) =

and

i
i

|1x]] = |Reix}]| + |Im{x}].




Success at this stage—namely, all roots found-—results in

being transferred to the last section, locus computation, of

the program.

1f COMROOTS failed to converge 2t the starti
of VAR and the highest order coeffic. .ent
responding to IER = 3 in the flow chart)
to rescale the characteristié equation.
of the array CHAR are divided by the modulus
coefficient in CHAR. The polynomial (3.37)
and the process repeated. If it fails a second
program aborts.

If COMROOTS failed to converge and the Lig]

coefficient, POLY (NROOTS), was zero (corresponding

braic pole—a zero of pz(c) or qk(k}

gzeta Plot, respectively. 1In this case, a message is printed
and the point is omitted from the plot. The next plot point
is chosen as the starting point and the process repeated.

1f the same condition occurs a second time* the program

aborts.

#*As the poles are isolated singularities the
re-occur only due to numerical noise in th

POLY (NROOTS) or the unlikely possibility that a
has been found at the particular spacing of the
spacing.




It has been found beneficial to know the extent of

each branch of the locus.* Hence, the starting values, as

)

well as the mid-point valuesf are pri

in the last part of the Malk
chart form in Figure 3.5,
next value, as previously
coefficients are given by
branch of the locus, the zeros of the

previous setting of VAR are used as

ever, since it is possible that

a branch point,§ a check is made

the previous zeros coincided.’ < did he zeros of
the polynomial at the new setting of VAR a 11 recomputed

using COMROOTS.** 1In addition,

#This also aids in determining if A(X) or Z(Z) (3.4) are
non-constant polynomials.
fAs only half of the locus is computed,

»

puted is the mid-point of each branch.

sIf an algebraic pole is encountered
plotting, the program aborts.

iThis condition can also occur if two |
polynomials assume the same value for
VAR. The program handles this situation in a like manner.

*+1f this procedure were not followed then REFCROOT would fail
to distinguish one branch from another and one locus, at
least, would disappear from the plot. Hence all zeros are
recomputed anew.
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current plot point is stored, so that the p. -ing routine
will have the information needed to lift the , at this
point.

The points comprising rach locus are stored in the
complex array ROOTS. Th2 .J=th locus (J=1, «... NROOTS) is
determined by the points sStcC »d at ROOTS (J+(ICOM-1)NRCOTS),
for ICOM=1, ...: INCR+1.

TER plots these points. For

at ROOTS(J) and a continuous

ROOTS(J+(ICOM‘1)NROOTS}, for

then lifteG, moved to ROOTS (J+ (ICOM~-1) N

continuous line drawn through the points ROOTS (J+ (1COM-1) NROOTS) ,
for ICOM=INCR+1l, ..., 1, completing ti locn or the J-th

root. This process is repeated for

NROOTS—except at those plot points a necified by the

array ILOCUS. At these points, for each J the pen is lifted,
moved to the next point, dropped, and the process is con-
tinued.

In addition, R automzcically chooses
axes scalings that 7seta Tocus, the

unit circle is plotted as a r ‘erence. ¢ the Zeta Plot is

completely contained within the unif zircl xes limits of

+1 are chosen. If it is not, then axc Limit of +1.5 are

chosen. 1f the Lambda Plot indicates the method is A-stable

-« #

the minimum negative real axis limit is set to zero.
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For Lambda Plots subroutine PIOTTER also computes the

angle a for A(a)-stability in accordance with Definition 2.3.

The value y for the region 5_ of Definition § '3 also com~

puted and printed. he sutomatic scaling can be overridden
and overplotting—on? jambda Plot on top of a previous one—
accomplished.

hese features have been usea extensivel) in conjunc-

tion with an interactive version of subrocutine ACCEPT used to

vary certain "free paramete

Lambda Plot. The composite lineal multistep methods pre-

sented in Chapter IV were derived by using properties.
The plotting program listed in Appendix A is limited

to a characteristic pelynomial Of num 10 in both

A and ¢Z. This limitation is arb




CHAPTER IV

A NEW INTEGRATION PROCESS

Free Parameters

A composite l'near multistep method may be written as

=

i,jyni+j

matrix notation, as

{Aogn v A-l‘.{n-l -

-hiB ¥ + B .Y
o~n -l n=-

s+ B 20 ¥ Y . and K are as defined in (2.27).

where A . : -
- -3° ~n=3}" ~n=)]

J
gach of the £ equations (4.1) has 2k + 2L coefficients.

However, as they must constitute 2 independent equations,
only 2k + % coefficients are arbitrary. This may be seen

as follows:

If (4.2) is to be at ast of o . a soclution

for Yn must exist when it is used to num ‘ integrate

.

the differential equation y =

3




must have a solution for Y , OF,

exist. Pre-multiplying (4.2) by A,

~

+ e j
{gn ¢ A-lgn-l ¢ A—K%n K’

vh{Bogn + B

where A . = e
o -

matrix.* Hence each of the equations

orbritrary coefficients.

*A CLMM when represented as in (4.4)
jcal form, a term suggested by W. Rubin
Computer Engineering Department, Syrac
given CLMM can be put ‘nto its canoni

pre-mulfiplylng the former by Agl

tion of (4.4), x(&g, A), is given as,
. :
x(z, A) = det{ ] (A
§=0

-3

whereas the characteristic equation of
given as

.
plg, A) = det{ ] (A_4 -

3=0
As Aal exists, the latter may be written as
K
plg, \) = det{A [ ] (A_j
3=0
K
det{A,} det{ ] (A
j=0

-3
4

or
plg, A) = det{A,} x(%. TP

Hence, within constant factor, the chi
and therefore, the stability properti
same whether or not it is reprerert




1f one requires a composite linear smitistep method
to be of a given order p, then p+l coefficients, per equa<
tion, are predetermined. Any rema’ning
then be used to improve "othex properties”
These free parameters, 2k + L - P ~ |
used to
i) improve the stability characte
method;
make it efficient as implemented
tion algorithm; and
lower the discretization error
each stage of the process.
In the next section a3 numerical integrati
consisting of 7 composite linear multistep methods, of order
1 through 7, is presented. Free parameters were adjusted to

make each method stiffly stable and efficient.

4.2 Some New Cyclic Composite Linear Multistep Methods

As one of the primary objectives of this research
effort was to derive processes that were efficient to use,

the class of composite linear multistep methods investigated

was cyclic, i.e., in (4.1) o, 3 = B. . 0 for § > i, or,

uivalently, in (4.2) A and B. were limited to being lower
0 0

triangular relative to the skew diagonal.* Moreover, as

*aAs pointed out in section 2.6, this avoids the necessity of
simultaneously solving L eguations.
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these methods were to be applicable to the salution of stiff
PP

0 ~A

systems the conditions B—j = 0 for 3 > 0 and 80 non-singular

+ v

were imposed. These conditions, though not a necess Y,

were set in order to guarantee asymptotic stability at

h = ». That this property is achieved can be seen as follows:

characteristic

As the step-size increases, the zeros of the C

an be seen from (3.8).

polynomial tend to those of pfiggf as can be seen from

Now , pl(c) is given as

K
)

B_.L

s

p, () = det {
§=0

-
3

Requiring B_j = 0 for j > 0 yields
£
P, (2) = det{Bo}cK '

which, as B, is non-singular, is equivalent to setting all

0 9 ! E
zeros of pl(;) to zero. This guarantees stability at h = =,
independent of the coefficient settings.

Under these conditions the first of tre L equations

(4.1) becomes

z al,j yn2+j
j=-k+1

If (4.6) is to be of maximal order k the backward differen-

tiation formula (BDF) results (HEN62]. By imposing the

;|

condition that all L equations have at least order k and




further restricting each equation to span only (k+l) time
points, for efficiency considerations, it follows that
i-1, i=1, ..., L, free s exist in the 1- equa-
tion of (4.1), each of whicn
stability characteristics of

Summarizing, the
methods considered L,
restricted to

(R1]

§:¥3

[R3] %

[R4] P3 > k, where

eguation.

Conditions [R1l] and R3] lead t« he cyvclic methods
proposed by ponelson and Hansen [DON 1 and used by Chesler
and Pierce [CHE71], and Dyer, pierce, Haney, and Chesler

[DYE72] to obtain numerical integration processes suitable

for use in orbit computation. In their metho

eters were adjusted to improve bility properties and ob-
tain higher accuracy as h =+ 0. None of t e methods are
stiffly stable.

In this research effort

*As BO is restricted to a triangular mat ix this is equivalent

to requiring Bo to be non-singular.




the free parameters of a method was:

The

wedge angle a of pefinition 2.3.
tion formulas for orders 1 and 2 are,

+ hy

Ynel ~ ¥n n+l’

3yn+1

improvement in a can result.

formulas for orders 3 through 6 are stiffly

3

_LY-’, how

for a < n/2. For orders 7 through 15 they

stable [GEA71b].

A%
e P

If conditions [R1l], [R3], and (R

then it can be shown that there exist k+l

multistep formulas for each i, from linearx

which can be composed % linearly independe

21

f e
LéveE el

CLMM satisfying condition -

dependent multistep formulas for

Table 4.1.

Using an interactive version of

e

tion 3.5, various linear combinations of

i can

*a brief description and a listi

ng

.
chese

B

first imposed,

linearly independent

i
o

"t

formulas of a

formulas were

in Appendix B.
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tried for each of the equations (4.1) for different L and
orders 3 through 7,* subject to restriction [R: rable 4.2
gives the resulting composite linear multistep
rived in this manner.T For p = 2 and
sist of three equations (&=_.); for
methods consist of foux equations
the Widlund wedge angle of these
corresponding backward differentiation
order. Table 4.4 provides a corresponding
the value y for the region SY of Definition

As can be seen from Table 4.3 the Widlund wedge angles
for the new methods have been significantly improved over the
corresponding ones for the backward differ ntiation formulas.
Table 4.4 indicates that for all of , methods presented
the half plane, defined by the parameter Y of Definition 3.6,
wherein a composite linear multistep method is asymptotically

stable has been enlarged when compared to the corresponding

backward differentiation formulas.

*an unsuccessful attempt was made to obtain a stiffly stable
order 8 composite linear multistep method. Failure can be
reasonably attributed to the inadeguacy of the "manual”
search of the free parameter settings and not to the non-
existence of such a method.

j‘ a4-

1'In Table 4.2—printed by subroutine ACCEPT—AI
B(I,j), 3 = =k+1l, ..., %, correspond to ¢©

’
. s and
& 7 ‘_i

respectively, of (4.1).
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*The order 7 BDF

.

4.3: Comparison of Widlund Wedge

NEW
METHOD

-0.0048
-0.24
-1.4
-2.9
-10.2

%
3
|
}

*The order 7 BDF is not

Table 4.4: Comparison

stiffly stabl

of y-values.

1
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The effect of these improvements and the introduction
of a new order seven method is to permit a numerical integra-
tion process based on these new methods to increase th. inte-
gration step-size at a higher oxder much more rapidly than

processes based on the baciw.r

for a larger class of problems.

cially evident in stiff problems wherel
the Jacobian matrix are complex.
The Lambda Loci for the
formulas of orders 1 and 2 are
Figure 4.2 the Lambda Loci for
those for the corresponding backward
ulas of the same order, are shown.
the new order 7 method is shown in Figure
of the uptimization criterion used in
parameters—that is, maximize the Widlund
especially apparent in the Lambda Leci
and 7 methods. The "humps” in the Lambda Loci for the new
methods are almost all tangential to the rays forming the
boundary of the set Sa of Definition 2.3.

These new methods, together with the Db:

#An identifier consisting of 2 letters and 3 digits, is
used to label each plot. The three digits are, respec-
tively, the values for p, L, and k ﬂ*resjondlng to the
methods for which the Lambda Loci were plotted.
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differentiation formulas of order 1 and 2 form the bLasis

for a new variable order, variable step algorithm described

in the next chapter.




CHAPTER V

A NEW VARIABLE ORDER/VARIABLE STEP-SIZE

INTEGRATION ALGORITHM

Introduction

A computer program embcodying

linear multistep methods described

written for solving a system of differ-
ential equations. 1In the following a description of the com-
puter program organization and logic as results ob-

tained from some sample problems are described

R

S0 Computer Program Organization and LoOgic

The computer program, called DIFJMT, was written as
a subroutine to be called by another program. DIFJMT, modeled
after Gear's algorithm DIFSUB (GEA7la), is a variable order,
variable step-size algorithm. The step-size and order—
from 1 through 7-——used at each step are chosen in such a
manner as to achieve as large a step-size as possible while
not introducing a single step error greater than a user
specified value.

The computer program has four major
will be discussed individually. They are:

i) Starting procedure

ii) Implicit equation solution




iii) Error control
iv) Step-size and order selection logic
An organizational flow chart of DIFJMT is shown
Figure 5.1. A detailed flow chart and
listing can be found in Appe.iix C.

The k-th order composite linear

given as

where the o, .'s and B, .'s are as in 7) nd (4.8) for
i¢s3 .

k=1and k = 2, respectively, and for k 3, .ees 1 8&FEC a8
contained in Table 4.2.

The process proceeds as follows: The backpoints
Tutulot)® *°*° Ynt and their first derivatives are assumed
known. On entry to DIFJMT the index i is set to 1 and (5.1)

» . " . s 3; . h
is used to solve for Y41 and Yng+l? i is incremented by 1

and (5.1) is used again. The cycle is repeated £ times—
L being a function of the order of the method use
error test is then performed on the last
—a i st yr is less
) nd if the estimated error 1S5 i€S
fied value the cycle is accepted; otherwise it is rejected.

In either case control is transferred to the step-size and

order selection section wherein the




2 . ” -
Perform initialization andu

start-up procedure 48 yequired.
|

Predict and correct

£ new mesh

point sclutions.

l

pPerform error test on

last point computed.

:

Set step-size and

order for next cycle,

if error test passed,
or for redoing present
cycle, if error test failed.

Sruas SN Set up to redo
present cycle.

Figure 5.1: Organizational Flow Chart IO ubroutine DIFJMT




consistent with a user specified maximum allowable local
error, at the current order, one order lower, and one order
higher* are determined. I1f the error test indicates { llure
the entire cycle is repeated at the largest of these step-
sizes and the corresponding nrder. Otherwise control is
returned to the calling program and
largest step-size and corresponci
puted is used for the new cycle.

The following sub-sections
various segments of DIFJMT. The solution
equations (5.1) is treated first. Subseqi

describe the other main segments of the

5.2.1 Solution of the Implicit

Each of the equations in

ventional iteration for solving

sive substitution method which proceeds

. . (0) .. , ‘
redict v o ., is 1 4 he iteration
predicted value for Yno+i Yog+i t t

*I1f the error test indicated fa : increase in order
D : 3

is attempted. Logic is also n to limit the order
to a maximum value of 7 or a user nocified lower value,
namely, the value of the param MAXDER in the variable
list of the calling seguence f DIFJMT as given in Appen-
dix C.

t :
The treatmen* I
similar to that of Gear




(m+l) _

- {m)
0 §¥npsi = DBy i FWY

ok ni+i

is performed, where y =

being solved. This process

for any norm, in a neighborhood of

is of the order of the reciprocal

of 9£/9y, (5.3) will not be satisfied. This clearly restricts

Ay

the maximum allowable step-size that can
A Newton-Rhapson iteration can be performed to solve

e

(5.1) without restricting the maximum gize of h The pro-

cedure is described below.

Equation (5.1) for each i may be

R. &

- hextX £,

Yne+i . i i £Wny
¢




where the right hand side is a sum

is a constant. Egquivalently, a vaiue

such that

G(yn£+i) il

is a constant and

G(Y, 043! = Ynos+i

(m) g : ! : | -4
'is an estimate of the solution

Assuming Yni+i

i I (m+l), . ¢

is to be sought such that G(yn“i ) = C.
3 ! % {m) ncl

(5.5) in a Taylor series about y_,.; and

two terms, it is found that

(m+l) (m) 1

b 4

G(y‘m)) <+ wm[y

simplicity and where

)

P

Ty
b

b -~
xeep

on

PS8

where the subscripts "n&+i" have been d4roj

IOoFr

90

and hence

desired

notational




or, from (5.6b),

I being the identity mat.ix and

af (y,t) |

Substituting (5.6) and

terms results in

Note: If (5.10) converges it will converge

solution. Hence, the Jacobian matrix
cisely known; in fact, a very poor
adequate. It can therefore be correctly
need not of necessity be recomputed at ea

Now, subtracting (5.10) with m
(5.10) and letting J = J

m-1 m

terms, the desired result; namely,

v(m+l)

-

=

+

y(m)

c

n




{m-1)

d(m) = hfly )

In order to obtain a recurseace relation for d" ', substitute

latter; thus,

(5.11) into (5.12) with m + 1

d(ﬂH’l) = hf (Y {m) t)

In order to start th

and d(o)——consider the k-step explicit

a¥* ., .
204 Yne+i

Now, ynégi may be taken as




(0)
ynz+i

(0) . _
dn1+i is chosen 80 as to m

- " : (1) _
correct” meaning ¥ .. .:

to both sides of (5.10) with

side to zero, as the conditiocn y_,.:

s Ao

results in

j==-k+i

By substituting (5.16) and then examining

(m+l) _ y(m)

and y , it is seen that choos

g (0 _

ni+i *
L al’l

(0)

Y _.,: and
ni+i

makes (5.11) “correct”

g (0

ne+i are linear combinations of -lie known—function

values and derivatives. Further, 1T ¥ \W! ag given by (5.16)
(0)
) =

satisfies (5.1), then, 1) e @ 2.3 * :"Yn£+i' toe+i
(0)

: the " icte
no+i tl predicted

Therefore, d

hyn9.+i'




value of hyn£+i-' Moreover, when convergence
(m) . . (m) . u
= . —tha just a ‘M) is conside
dng+i = MWaged t is, Just a8 Yppei *° -
(m)

- ; B Y be consic
m-th iterate for y_,.; S°© too can dnz+1 be CO

m~-th iterate for h§n1+i’

Summarizing, the procedure used

for i=1l, cees L:
1. A predictor formula for suitabl
# . is used to obtain
i,3

(0) . o4
dn£+i' as in (5.18).

The Jacobian matrix J

compute

T4°% .
14) are re

For m = 1, 2, ... (5.11) and (5.

'S

sively used to solve for y ,.; and d,, ;-

latter being taken as h§n£+i‘

As the predictor formula used to obtain

0 —_— -
hence dné+§’ does not affect the stability propertiec

method-—since each of the formulas (5.1)




= l—the initial predictor—(5.15)

k and of the form

1

4 -
. £+1 °1,3 Yne+;
o

Note: To within a multiplicative constant

hance the convergence properties of
The calculation of W t—require
(5.14) —is time consuming for a large

equations. Therefore, it is only re-evaluated when the

ton iteration fails to converge. It has also been found

worthwhile to re-evaluate w’l whenever an order change
made. However, if only the step-size is

gence properties do not seem to be significan

#The order 1 and 2 predictor formulas are,

Yn+#1 = ¥n 7 B Yo

+hy.

yn+l = ¥p-1 n

For k=3, ..., 7 the predictor formulas
those found in the second row from the
for each of the corresponding orders.

is




w“l is not re-evaluated.*

convergence of (5.11) and (5.14) is determined as

&+
follows: I1f, form m = R

-1

R e a r"i:j
| | W (he (y "

’
£

(m)

o
L/

8

. § -
where BND is chosen as’ e/ (2k

fied accuracy, then (5.1) is said

m > 1 the inequality

is checked and if satisfied it is assumed that

vergence has been achieved on this iteration

achieved on the next iteration. In

is terminated. Note: The look-ahead feature incorporated

into (5.22) assumes linear convergence.

applied to insure that on the next iteration

performed, (5.21) would be more than satisfi

the case the next jteration is not ner formed

*There seems to be no explanation for thi nomaly However,
this backs up the experience of Gear [GEA

*The Euclidean norm is used, as in (5.

sThis choice was made on the recaommendation of Gear [private
communication] and works satisfactorily.




function evaluations.”

In order to save computer time a maximum of 3 itera-
tions of (5.11) and (5.14) is performed. If convergence has
not been achieved by the end of the third iteration it is

assumed that (5.11) and (5.14) are

» > -~ l » o
At this point W is re-evaluateaqd.

a second time at the same mesh pu;nﬁf

creased by a factor of 4 and the entire

There is no theoretical justification

maximum of 3 iterations. However,

cate that, if 4 or more iterations

of times the corrector fails to converge

less. if only 2 iterations are permitted, the number of
times convergen=e failure occurs is considerably greater,

resulting in significantly more evaluations of W and more

fanction evaluations.

5.2.2 Error Control

is the

ial eguation

£2ils to satisfy the i-th eguation of a composite linear

*This look-ahead feature is a variation of a suggestion
by Gear [private communication].

1- & - 1 3
Note: £ > 1 mesh points are computed fO h call to

DIFJMT.




multistep method. As such it is a measure of the error
introduced by the i-th formula. since the solution cf the
j-th formula of (5.1) equals the truncatec

true solution through terms in hk‘ it is known the local

truncation error.*

Now, for (5.1)

Lyly(t ,44) D]

where = means to within

1

(k+1) 1
jm=k+i

Further, Di k41’ ti:e local discretization error constant
’

the i-th formula of (5.1), is given as

Y (t )

ni+i

*Strictly speaking this is true ijf, for a k-th order method,
the true solution is (k + 1) times continuously differen-

. k+1,
tiable and Yno+j+i = y(tn£+j+i) + O(h )
Although in general this cannot be shown the technique used
for error control to be outlined, based on the local trunca-

tion error, appears to work successfully.

fcr :;::-‘NK! . s = 9 -.’lc
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Equation (5.26) forms the basis for the error criterion used

in DIFJMT. It proceeds as follows: AL the completion of

k+ i v » v 3 -
each cle V i is computed, where V the backward
nL+L P

difference operator defined as

vjxm -1, . 937ix

o
v xm

gk+l
Ynp+s

for some T e[tr2+2-k+l' tn£+E}' the quantity

compared with :/Dk+l' where £ is the

single step error peimitted and

& max
k+l i=l,...,2

i %

{Ps k41 1?

D

gkt < &M

Ynz+z' k+1

the cycle is accepted.* Otherwise the cycle is rejected, the

#7o obtain (5.30), it was tacitly assumed that
derivative remains constant over the interval
s 3 hi is not true. Howeve
[tn£+£-k+l' tnl+l]' in general this o ue However,

+ L . k+l (k+
vk 1 is a reasonable estimate for nk ly{

Yne+s
] he & futu int
in the interval [t _,. ., ,.1°/ ]. the & future points

% "!
“’ (t) anywhere

tn£+£
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- 2

step-size is decreased as outlined 1in +he next section, and
the cycle repeated. 1f the error test fails on three succes-
sive tries the order is set to 1 d the cycle repeated being

treated as if it is the first call

1.
the eigenvalues of the
with the differential
stable region of the
method is A-stable-—as
4.1—it is used.
The error test may have
round-off error in yni+j'
Hence the integration process i85

&

1f the error test failed and the step-size cannot be decreased

then the order is immediately set to 2 if it

solved for by (5.1)—for all order methods
(o g4+p-k+1’ tnz+£]' using D, ., 2s defined
the error test (5.30) yields a reasonable
maximum error introduced at any of

tnl*’?’.' i- l’ I 1.
*Special procedures followed during start-up ¢
in Section 5.2.4.

1"I‘he step-size is not decreased below a user specified mimi-
mum value, namely, the value of the parameter HMIN in the
variable list of the calling sequence for DIFJMT as given
in Appendix C.




2, or to 1 if it is already 2.
to 1 the cycle is accepted and

As DIFJMT can be used to 8ol

k+1l

Dy 1V 7 ¥

k+l

k+1

\ . being the j-th com onent of the N-dimensional
~nL+L’” )

vector Vk+1ynl+£

§

aand w3 being a weighting function for the

j=-th component.

*)ote: The order 1 and order 2 methods are A-stable.

*Any other suitable norm could have been used but (5.32) is

easily implemented in a FORTRAN program. Note: If (5.32)
k+1 T
is used it is only necessary to form iiv“+ 1;2 and

. 2
compare it to (e/Dk+l) "

Zn£+2

§Nofe: In the computer program listing given in Appendix C,
4 3 P' 11Im™m . £.% b S

Wy j=1, e N, is set to the maximum of ¥ and g({n2+i)j"

j=1, ..., L, at the end of each cycle. Initializing wj to

max{1l, |(y ) . |}, for j=1, ..., N, provides an error test

relative to the largest value in the history of §(y>jl un-

less the user overrides it before each call. The YMAX param-
eter in the calling segquence corresponds to the weighting
array w described here.




The discretization error constants for the methods

used in DIFJMT are given in Table

5.2.3 Step-Size and Order Selection

The step control mechanism
following solution of the algebraic
plication of the error test (5.31).
the next cycle or when repeating a
to be nh, h being the current step-size
used is determined as the maximum of

where

-

?....J
e

| S———

Note: Yy is a constant such that 0 < Y

current order. Also note that i the siz ﬁjh were

used with an order j method and if the err were exactly

proportional to h3+l——that is, §§73*1

remained con-
stant—the error test (5.31) would
fied exactly if y were 1. As

constant the factol Y is

*a value of v = 1/1.2
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Now, given nj for j=k-1, k, and k+1l, the next step~-size

order would be those associated with the largest
step-size ratios.* The computer program listing
Appendix C does noc increase the step oOr
agssuming the error test passed—if n
the increase is not worth the ext
to interpolate the mesh poini

As the step control mechanism requires

order to determine nk+l—~requirig information

ferent time points in its evaluation—and as only ¥ ., _ 47

j==k+l, ..., 0—information at only k different time points—

is available at the start of DIFJMT, the solution at : mini-

mum of three mesh pcints is computed at each call. More-

»

over, as both the errcr control and step-size selection logic

are dependent on the backward differences OL ¥ ., the i-th

-
=
™ B

equation of (5.1) is formulated§ in terms of V'y ... instead

*If the error test failed Nyes1 is not computed and no attempt
is made to increase the order.

*If an order 1 or 2 method is used the same equation—(4.7)
or (4.8), respectively—is used for all three mesh points.
For higher order methods £ > 3.

§In terms of backward differences (5.1) can be written as
k

~ ~ o

o
Z (ai,ov Yne+i ~ hBi,cyni+i-c}
o=0
with i=1,




» ‘ ® * » ?“.
of ¥, 4+i-0 for o=0, s N
when the step-size is changed

time t_, remains fixed, but

a -
J:‘:_k*l' . e vy -l, must be ad:}d'ﬁ f,."-u,;ir

~

size h = nh by which they differ.
possibly new order. Thi
cessary to compute k -

~
j=-k+l' ..Q’

is trivially

factor; thus

h§n2

B ,i-o"
and B. .'Ss (i=1, «+-9
l'J . ’ B
Formulating (5.1) in
ferences does not affect the soluti

tions as described in Section 5.2.1

0=1, «<-1 Ko must now also he corrects

_— In order to save computer
ni+i '

g >0, 1s performed only

o
V¥ne+i’
achieved.

.os 1) are

of backward dif-
the implicit equa~




Two cases need be considered:
Case 1. The error test passed on
and n > 1l.1.
Case 2. The error test failed
is to be redone.
case 1l: A k-th order interpolating polynomi
compute the ﬁ-l new values of the solution
ve.s =1. In order to keep the error in
terpolation procedure to a minimum the
to define the interpolating polynomial
consecutive mesh points. These mesh
___among the k+¢ mesh points available from the previous

b

cycle, are chosen in such a manner that, IO » given

j, they bracket t , + jh. More precisely,

chosen such that, for a given j, J=-k+l, ...y

tnz + jh € [tnl - yvh -kh, tni -

for some v = {0, ..., 2-1}.% Equivalently, an

chosen such that for a given j, j=-k+l1,

v < =jn £ v ¥ K.

At the start of DIFJMT only the values
j=-k+1, ..., L are available from the




Note: Using this procedure, for differing values of 3, v
may assume a different index. Using Newton's backward dif-
ference formula* [HEN64] an interpolating polynomial which

interpolates Y ,_ ..’ u==k , ., 0, is used to compute

~

ynL+j‘ Note: If (5.35)

~

yn9.+j

Requiring (5.35) to be satis
able value of n to
- ':f = 33
nma) = (g, + k l)/i,)‘: ~J] e
Table 5.2 shows the maximum allowable values
and Nyt subject to (5.37).

Ssummarizing, the procedure for increasing

gize is as follows:

Step 1: The factor by which the step size is changed,

n, is set equal to maxin.)} as given by (5.33).
)

»
e i

. o -
*As ., O= k, i=1
s DIFJMT operates on V Yogsi? © Ba soce Re & ’

this form of the interpolating polynomial is use
1-l'-Jquat:ion (5.36) assumes that the values ¥_o_ .4y are exact
i -VTr
or at least accurate to order k+1 in h, and that y(t) is
(k+1) times continuously differentiable for t € I . As
e the values
K

the error test was passed on the previous cyc
+1 in h.

1
Yng-viu are, at least locally, accurate to order




sThese values are not computed.

TProgram limited to 104.

Taple 5.2: Maximum Allowable
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If n < 1.1 the step-size and order are not

changed and n is reset to the value of 1.

Otherwise, the new order k is set accord-

to L~-1.%
The Newton backward

interpolating Y ,._,+y

to compute ¥ _,.4°
J

The index Jj 1is decremente

~

j§ > -k+l1 Steps 4 and 5 are repeated.

e

Otherwise the process termin

case 2: The procedure followed when h 18 ecreased is simi-

——————

lar to Case l—an interpolating polynomial is used to compute

for j=-k+l ? P ’l s NO'C&‘ . iere ’ l i ; ‘Jal\)gs tO

Yne+3
be established for repeating a cycle, an ~ denotes values

established prior to performing the fi: of the rejected

cycles.r The solution values sed to » the interpolating

*An examiniation of Table 5.2 will show that if v = 1 does not
gatisfy (5.35b) then v = L-1 will, for all k.

*Note: The ~ values reflect any interpolation due to a pos-

sible step-size increase.




polynomial are those available prior
cycle*—that is, the ~ values. The
ing polynomial used is ;. Note: K
increase was performed then the vc;ni‘

available to use in Newton's backward

as in Case 1. If the step-size was initially

~

only the Voynl, o=0, ..., k-1, are available.

Ac ~
together with hynl' a k-th order interpolating

is constructed. It is readily verified

polating polynomial is

¢(u) = a5 + a,¥ 4 azu(u + 1)

4 oo & aiu(u e l)ao-(p -

- 37 (v- 1)Iav]/(£ - 1)1
v=]

$(u) satisfies

#These values are retained in a special work
purpose.

L

———
L

~

an 4in

- : "
™™ U oOm
polynomial

ter-




”~

3 B : . "“ " Sas 0. 5.
.(j) = yn£+j B “.‘ltau g 5 ’ i ( 40&)
¢(0) = hy ,-

Hence, ¢(uy), with y = -k+l, ..., =1, can be used to com-

pute ¥, 4. with the resulting

in h.*

5.2.4 Start-Up Procedure

Starting is almost autom

- . * . 2 i - »

computed from a user specified initial condition y,, a user
specified initial step-size h, and a user supplied subroutine
to evaluate f(y, t)—the right hand side of the differential
equation. This is sufficient to allow the fi order mnethod
to be used. From there on the error control

step-size/order selection logic, functioning

described, maintain the normal cycile

*The assumption that the values y . .

~A
hynl are accurate to at least order

y(t) is (k+l) times continuously differenti

t € [tnz - (k=1l)h, tni} has been made. jote :

order was not initially increased then the step-size/order
selection logic and the interpolation procedure insure that

-~ A

the values y_,_. and hy , are accurate, at least locally,

to order k+1 in h. Though no such statement can be made
if the order was initially increased, the procedure, how-
ever, does work satisfactorily.
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Sample Problems and Compé

In this section five
solved using DIFJMT. For compa
were also solved using a computer
modification* of Gear's algorithm
algorithm is based on the baakw;ri
[HEN62] of order 1 through 6 and uses

[NOR62] as the means of storing

vector an is defined as

where h is the current step-size and k is
This choice was motivated by the ease with
predict y agl and can change the step-si

has been observed that the choice of th

az implemented in Gear's algorithm,

properties when h varies rapidly [BRA72al. This

s

*The modification involved removing al
corresponded to the MF = 0 and MF
sequence. The former permitted DIF
order, variable step Adams-Moulton
type methods are not stiffly stable.
mitted DIFSUB to evaluate the Jacoula
methods rather than calling a subrou
neither of these options affect the
method but only add to computer run

OO
'.J
O I'—'

=

ise a

it

o o
. |
-

e

O 0 X

3
IS

D -
r
tT'0 O M M
ot
oo

ol o |

v
s
{©

O H TN D0

0

r‘lq lAi
ns in the calling

vr—‘% "‘

0 L
0’
’1

undesirable

DIFSUB that

variable

iote: Adams

option per-
numerical
»ly it. As
ties of the

were removed.




property was diminished in a third comput yrogram

was a slight modification of DIFJMI-
This latter program is identical
t formulas in (5.1) are identical* and
backward differentiation formulas.
seven BDF is not stiffly stable the
ited to six in DIFBDF—as

The five problems a
in Tables 5.3 through 5.7.
the properties of the solution ob
algorithms as a function of the 1
maximum global errors listed were established
tion as the maximum of the computed lo
points, where, for a system of N

equations,

(local error)n

((:)n)i TﬂaX{l,

*Observe from Table 4.2, for s f
methods, for all orders, are the BDF of
order. Hence the modification was readily

TRecall: All three algorithms estimate the
using the norm as defined by (5.32) .

which

(5.42b)




DIFFPERENTIAL EQUATION

feoy
with

yig) = i

o NUMERICAL SOLUTION

imum G.obal krror

of Time Steps

of Function Lvaluations
of Jacobian Lvaluations
inal Step-Size (sec)

¢ Tame (min = 1070

SOLUTION VIA DIFSUB

imun Clobal Erzss

of Time Staps

of Punction Lvaluations
of Jacobian Lvaluations
inal Step-Size (sec)

by Time (min = 107%)

|

io

2.19
ioé
as52
®
0.282
§

p——

faximum Global ~rror

s of Time Steps

s of Function Evaluations
$ of Jacobian Evaluations

inal Step-Size (3ec)

e
10

1.35 = 20
111

206

&

0.346

Table 5.

3




OIFPPERENT IAL ECUATION

R R

with

4 -1 }
-
-1 ‘

L =1}

!(Oi -

I—————
!
3

E—— ..--,fr.m NE—

i

PROPERTIES OF THE WUMERICAL

Local Error Bound

|

e

-7

10 =8

9

SOLUTION VIA DIF

Maxiwam Global Error

$ of Time Steps

¢ of runction ivaluations
¢ of Jacobian Evaluations
rinal Step-Size (sec)
Pu Time (sin = 1070

- |

6.22 = 107"
9%

1184

o

518

« 10

25

-

et

SOLUTION

Wwximus Global Erzosz
v of Time Steps
s+ of Punction Evaluations

¢ of Jacobian Lvaluations
Final Step-Size (sec)
cpt Time (min * 1077)

2.08
530
1286
40
679
233

b —

— - ——

Maximum Global Error
s+ of Time Steps
4 of Function Cvaluations

¢ of Jocobian Evaluations
Final Step-Size (sec)

I
|
|

10°

= 133

*pIPSUB aborted after 6 tire

indicating no solution
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with I .“

¢ U'w

| =2
(o |

| -2

PROPERTIES OF THE

-

#ocal Erzor Bound

!
-? i

|

10°"?

SOLUTION

Via

.mum GClobal Error

s of Time Steps

s of FPunction Evaluations
4 of Jacobian Evaluations
inal Step-Size (sec)

PU Time (min » 1073

0.2 =
588
1333
73
278
9%

i
1

e

SOLUTION VIA DI

b o e e

p LKL B Global Fivor

s of Time Steps

s of Punction Evaluations
s of Jacobian Evaluations
(sec)
1073

inal Step-Size

CPU fime (min =

-7

-

107 | 027
17

1592

" 2
10? |
|
i
1

1.53 =

275

SOLUTION

T

AN

i0

a

jlaxinum Clooal Error

s of Time Steps

s of Punction Evaluations
4 of Jaccbian Evaluations
tuu Step-Size (sec)

|

-7 |
10
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DIFFERENTIAL EQUATION

gits = pyiv)
with
i)
r(N -! l
L3)
where

107¢

1
jocal Lrror Bound :

|
1 —

SOLUTION VIA DIFIMT

y

jaximi® Global Error

s of T\mo Steps

s of Punction Evaluations
of Jacobian Evaluations
inal Step-Size (sec)

CPU Time (min ~ 103, 112

,
w
{

i

SOLUTION VIA DI

- - | -
vzxipum Global Errcr 1077 | 2.58 = 10°°

s of Time Steps 23,551

of FPunction Evaluations é8,704

of Jacobian Evaluations KL

inal Step-Size (sec) { | 4.30 = 107
Py Time (min 1072 2 | 5589

|

SOLUTION VIA DIF

-7
xirum Glohal Error

of Time Steps

of Function cvaluations
4 of Jacobian Evaluations
ruux Step-Size (sec)

‘Maximum Step-Size Permitted.

Table 5.6: Problem




DIPFERENTIAL EQUATION

gie) = v auyie)

with
fx/x]

yio) = l 473 l

173}

tani{55%) = 14.3

PROPERT IES

jocal Lrror Bound

10”7

:

SOLUTIO

Jaximm Global Lrror

of T me Steps

of Finction Evaluations
of Jecovian Evaluations
inal Step-Size (sec)

PU Time (min » 1073

taxiaum Global
of

ErTor
Time Stepr
of Function Lvaluations
of Jaccblian Evaluations
Final Step-Size (sec)
£n 1073

Jime (min *

277

3

-

SOLUTION

laximum Global Lrror
s of Time Steps

s | |
|
i

of Jacobian Evaluations

¢t of Function Evaluations |
|

inal Step-Size (sec)

*Maximum step-size permittad.
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No CPU time is listed for the numerical solutions obtained
using DIFBDF as this computer program Was used only in a
diagnostic mode making any time comparisons meaningless.
T™he conditions for which the numerical solutions were Ob-
tained are contained in Table 5.0
5.3 through 5.7 are for the mesh
to and including the first mesh point
specified in Table 5.8.%

Problem 1, whose solution
was chosen in order to obtain
algorithms without any interfering
and non-linearities. As can be

N

numerical solutions as obtained m DIFSUB and DIFBDF are

comparable in accuracy, number of funct uations and

number of Jacobian evaluations. The numerical solution as
obtained using DIFJMT, however, is not as accurate, for a
given requested local error. Moreoever,

bounds less than 10_10, DIFIJMT took more tim

correspondingly more function evaluations. For higher error

bounds, the opposite is true. In ail cases DIFJMT required

more Jacobian evaluations than both DI

point to be discussed later.

*Por DIFJMT and DIFBDF the final mesh point included in the
summaries may be 2 or 3 points beyond the final time, since,
for each call, the solution at 3 or 4 mesh points is com-
puted.
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Problem 2, <uggested by

linear and stiff. The Jacobian

(-1000 + 2%,

0

0

0

where U and x are as in Table
t =0 is

(-1002

0

0

0

and as t + « is

[~1000

-

bt

L ———————

-0.0

Again, the numerical solutions obtaine

DIFBDF are comparable* with DIFSUB reguiri:

%

evaluations but fewer Jacobian evaluations

*Por an unexplainable reason DIFSUI

-11 .
error bound of 10 was requested

"
4
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the number of time steps rejuired was comparable but the num-

bey of function and Jacobian evaluations were

"nT T e
it A F-..d £

higher. The maximum global errors

approximately a factor of three

the eigenvalues of the Jacobian

expected that the numerical results

all three algorithms. Pote:

evaluations used by DIFJMT will
Problem 3, also sug

to Problem 2 except that €

complex eigenvalues.

where U and X are as in Table 5

the Jacobian matrix goes from J_

significantly
are worse by

cases run. s

)], is similar
a pair of

given as

from




As DIFJMT is more ideally
of differential equations
DIFSUB and DIFBDF* "better"” results

were expected. Again, the maximum global
in Table 5.5 are higher for DIFJMT
algorithms. Moreoever, the average numbe
function evaluations per time step are
Problem 4 was specifically chosen
proved stability properties of the new
backward differentiation formulas. The

has a pair of complex eigenvalues at -,

tive real eigenvalue at =0,, where o0, ,
-

nT . TMT

WA T WVITLA »

Table 5.6. As the ratio ol/o2 = 100 the problem is stiff.

Moreoever, since tan_l(wl/ol) =

are A(a)-stable for a > 55° are

all step-sizes. For this problem,

presented only the order 7 method is not asym

*The Lambda Loci for both of these algorithms

he new methods

ptotically

are

identical.
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stable for all step-sizes. However, neither the order 5 nor
the order 6 backward differentiation formulas are asympto-
tically stable for all h for this problem For a given step

h, the point in the \-plane corresponding toO the eigenvalue

-g. + jw, is, with ¢ = Re{)A} ana = Im{A}, 0 # jJu = -o . ,h + jw. h.
y ¥ 9Ny . - | ' A i |

The locus of points for b ¢ (0, =) is the oper ray in the

second quadrant of the romplex plane

This ray together with the Lambda
order 6 BDF and the Lambda Loci
5, 6, and 7, is shown in Figure 5

creases the operating point in the A

the ray defined by (5.49). If, for

given step-size h, olh + jwlh is in an unstable

the )-plane—that is, the local error

numerical instability-—the algorithm shoul

dition and either decrease the step,

or both to satisfy the error criterion.

for the order 6 BDF the critical step-size

approximately 0.04 whereas for the order 5 BDF it is aporox-
imately 0.1. Table 5.6 indicates that 10l 1l er bounds

greater than 10~ the final step-size

proximately 0.04. Though not shown




RAY DEFINED
BY (5.49)

ORDER ©

a) Backward Differentiation

RAY DEFINED
gy (549)

\

ORDER 7

i /
ORDER & —__[ ORDER 5 2/
\ \

\
\\
\

b) New Methods

Figure 5.2: Lambda Loci and Ray Defined by




local error bounds an order 6 method

at the final time—that is, DIFSUB w

detecting that an increase in h would cause the local error
tc increase beyond acceptable limits It did not, however,
recognize that the step could

in order. Similarly,

5 method for local error bounds

However, in all of the test

successfully increase h a

the eigenvalues at -0,

order 7 method suffers

“caught”. This is partially due to the

integral to DIFJMI. It is this same logic

b 4 M
i%

accounts for DIFBDF not getting "cau

method, though it did fail to decrease the

By

As expected, the numerical solution

obtained in significantly fewer tine
with DIFSUB. An improvement Over
though it is not as dramatic. As
maximum global errors were not as

by DIFJMT, when compared to the other

the average number of function and

*DIFBDF also got temporarily "locked in* when a local error

bound of ZI,O-9 was specified but was able toO eventually in-
crease h by decreasing the order.




*
time point were higher with™DIPIMT.
Problen 5 is similar to Problem 4 except that the
system is now coupled—that is, the Jacobian matrix J is

given as

where U, 9y ui, and o, are as in Table 5.7. Note: oy
. and g, are the same as for Problem 4. The numerical
solution was obtained in fewer time steps using DIFJMT than
with DIFSUB or DIFBDF. The improvement, though, is not as
dramatic as for Problem 4.

. !hg !ol{ovtng conclusions can be drawn from the re-
sults obtained for the five problems tested:

1. For non-stiff problems and stiff problems wherein
the eigenvalues of the Jacobian matrix are real, numerical
results obtained using the three algorithms require a com-
parable number of solution points. For stiff problems wherein

the eigenvalues of the Jacobian matrix are complex with nega-
: tive real parts DIFJMT requires fewer solution points.

2. DIPJMT requires more function and Jacobian eval-

uvations per solution point than do either DIFSUB or DIFBDF.
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3. od using DIFJMT have
a somewhat higher global error than do numerical solutions
obtained with either DIFSUB or DIFBEDF.

4. The means used for storing information has an
effect on the properties of the

It is felt that the higher

tions and Jacobian evaluations per mesh
DIFJMT to numerically integrate a differential
due to the predictor formulas used.

does not affect stability—as the correct

convergence—it does affect the conver

the corrector. The modified Newton-Rhapson iteration des~-
cribed in Section 5.2.1 for solving the implicit equations

is dependent on a predicted value that is "close’ to the

true solution. Using the same predictor for all 1% eqguations
in (5.1) may not be the optimal strategy. A study of diag-
nostic cutput obtained from DIFIMT revealed that the correc-

tor failed to converge significantly more often than for

DIFSUB and DIFBDF* resulting in more Jacobian evaluations

and correspondingly more function evaluations. In turn,

-+
this Adetracted from the results tabulated for DIFJIMT.

*Both DIFSUB and DIFBDF use the same scheme as DIFJMT for
solving the implicit equations.

fNote: The step-size is decreased by a factor of 4 if the
corrector fails to converge at the same mesh point on two
successive attempts. Hence the number of solution points
required is also increased if this condition occurs.




The author has not been able toO explain the higher
maxirum global errors observed when DIFJMT was used as com-

pared to the numerical results obtained using either DIFSUB

or DIFBDF. On the average, the maximum global errors ob-

served were worse by a factor of approximately 3% for

DIFJMT.

That numerical results obtained
DIFBDF—two algorithms based
the backward differentiation
for all test cases implies that the means
mation affects the properties of the numerical
Note: DIFSUB uses the Nordsieck vector

information in the form of backward differenc




CHAPTER Vi
CONCLUSIONS AND FUTURE WORK

New techniques were obtained
properties of composite linear
accurately characterized. The
and Zeta Loci to those stability
A computer program for plot i1
Loci was presented and described.
version of this program new and efficient cyclic composite
linear multistep methods of orders three through seven were
obtained These new methods form the basis for a new vari-
able step, variable order integration gorithm described.
This new algorithm, designed for
gration of stiff systems of first order ©
tial equations, exhibits better stability
available algorithms based on the backw:
formulas. It is ideally suited for the numerical solution

of stiff systems wherein the Jacobian matrix has complex

eigenvalues. Numerical results to support this claim were

presented, including a comparison of the nei algorithm with
Gear's popular computer program DIFSUB and with a third
ion formulas.

htly

higher maximum global error than the two computer programs
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used as a baseline. Moreover, the predictor formulas used
in the new algorithm affect the convergence properties of
the component formulas and detract from the results obtained.
Purther rescearch is regquired to obtain "compatible" predic-
tor formulas.

As the new algorithm presented herein must interpolate
new mesh points each time the integra
a cost that goes up linearly with the number
equations being soclved and the order

fort should be expended to reformulate these new methods

in terms of modified backward differences (equiv
divided differences) wherein interpolation is not required

each time the integration step-size is changed--an approach

used by Brayton, Gustavson, and Hachtel [BRA72a]

by Krogh [KRO72].

Stability properties of a composite linear multistep
method were considered only in terms of a fixed step-size.
As this is rarely the situation research is reguired to
investigate the stability characteristics when the step-
size varies--see, for example, the recent paper by Brayton
and Conley [BRA72Db].

The new methods presented were obtained solely on
the basis of optimizing the Widlund ;edge angle associated
with the method. It is felt that attention should also be

focused on simultaneously minimizing the local discretization




error. In addition, higher order sti y stable methods
should be derived.

The test for stiff stability of a composite linear
multistep method presented herein is entirely graphical.

For linear multistep method--that 1is, multistep methods with

g = 1l--Ngrsett [NOR69] has presented

that can be tested to determine if

for some ac(0,n/2). Rubin and Bickart [RUB72] reported an
analytic condition for testing whether or not a composite
linear multistep method is A-stable. An expanded treatment
of that test and of related topics can be found in [RUB73].

Research is regquired to obtain analytic conditions by which

to test for stiff stability.




APPENDIX

COMPUTER PROGRAM LISTING FOR THE

BASIC PLOTTING PROGRAM

This appendix contains

the basic plotting program described

particular version of subroutine
characteristic equation for a
cards. The input card format
of ACCEPT (deck identification

The program was written for execution on an XDS
SIGMA-5 computer. The program is 1 \ON~8 ard FORTRAN
making full use of the power of XDS EXTENDED FORTRAN-IV.
In addition, it was compiled using the "ADP" option wherein
all variables that would normally be typed real are auto-
matically considered double precision.* Simil r, vari-
ables that are declared complex are autom atically considered
double precision. Under the "ADP" option, the compiler
automatically sets up the calls to the double precision

FORTRAN intrinsic functions rather +han the single precision

-

jntrinsics. As an example, .0 the double precision

sine function can be coded a

#0n the XDS SIGMA-5 computer double
56 binary bits of mantissa, or a*tr
digits of accuracy.




immlement
ARSI

If it is desired to 1im

for a
N - 1

if a method is stiffly stable

of Definition 3.6, card number

Regr T
IV o & R

ment (deck jdentification

"vAR = (y, 0.)". 1o other changes
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APPENDIX B

COMPUTER PROGRAM LISTING FOR

CCEPT
e e wE A

INTERACTIVE VERSION OF SUBROUTINE A

This appendix contains a brief description and
computer program listing of the interactive
routine ACCEPT used in deriving the new methods
in Chapter 1IV.

Though referred to as a single program

active version of ACCEPT consists of several different

units. A block diagram showing the six main segments is

rm

given in Figure B.1. Each segment is a separate FORTRAN

subroutine. NOTE: Though several of the subroutines shown
in Figure B.l, and indeed the entire package, could have
been combined into a single subroutine they were purposely
written as independent units. This was done in order to
rovide the overall program with greater flexibility. Other
versions of the plotting program use some of these units.
As an example, another form of the plotting program uses

a different ACCEPT subroutine, one which yd metho
from cards and then calls the same FILL an

routines shown in Figure B.l to

polynomial.

The computer programs listed on

were written in XDS EXTENDED FORTRAN-IV
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XDS SIGMA-5 digital computer. They were compiled using the

ADP—automatic double precision—option discussed in Appen-

dix A. Interactive communication was via a teletypewriter,
the only device available for this purpose at

facility used.
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